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Analytical Modeling of Sensor Quantization in Strapdown

Inertial Navigation Error Equations

Paul G. Savage
Strapdown Associates, Inc., Maple Plain, Minnesota 55359

Although generally not considered a major contributor to system inaccuracy, inertial sensor quantization er-
ror, if not properly modeled, can lead to erroneously large estimates of its impact on inertial navigation system
performance. Analytical methods are described for modeling inertial sensor quantization in strapdown inertial
system error parameter propagation and measurement equations. Error propagation equations are derived in
classical differential error state dynamic and discrete difference format. It is shown how the attitude, velocity, and
sensor error parameters in these equations must be modified to enable proper sensor quantization error modeling
as white noise and to account for differences in attitude, velocity, and position update frequencies. The discrete
difference error equation form is used to develop values for attitude/velocity measurement noise covariances and
for spectral densities of white quantization noise terms in the differential error propagation equations. A general
discussion is included of how quantization white noise spectral densities should be computed for the differential
error propagation equations for compatibility with two-speed attitude, velocity, and position updating algorithms.
Validity limits for white noise modeling approximationsand methods for reducing quantizationnoise are discussed.

Numerical examples are provided.

Nomenclature l general computer cycle time index;
A = error state dynamic matrix computer cycle time index for single-speed
al. al; = sensor assembly specific force acceleration attitude updating algorithm; computer cycle
vector in B and I frame coordinates (i.e., time index for high-speed portion of
total acceleration minus gravity, the two-speed attitude updating algorithm
acceleration sensed by accelerometers m,n computer cycle time indices for velocity
in the B frame) and position updating
B = body coordinate frame aligned with np vector of independent white process noise
strapdown sensor assembly axes at a components
general time Ouys Qayv white noise spectral density matrices
B, = frame B orientation (relative to the / associated with vy,
frame) at computer cycle time () and 8ty vy
C([)] = direction cosine matrix that transforms Ours Ouvr white noise spectral density matrices
vectors from coordinate frame () associated with §v gy, and SV Ry
to coordinate frame [ ] R’ position vector from Earth’s center to the
E() expected value operator navigation system projected on
fis fos Ja frequencies for the [, m, and n attitude, I frame axes
velocity, and position computer r ratio of the / cycle attitude update
update cycles frequency over the m cycle velocity update
Gp = process noise dynamic coupling matrix frequency (assuming that/ cycle frequency
g = Earth’s mass attraction gravity vector is an integer multiple of the m cycle
projected on I frame axes frequency)
I = identity matrix s ratio of the m cycle velocity update
I = inertially nonrotating coordinate frame frequency over the n cycle position update

computer cycle time index for low-speed
portion of two-speed attitude updating
algorithm

frequency (assuming that m cycle
frequency is an integer multiple of the n
cycle frequency)

.,
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SAVAGE

variance about the mean of the angular rate
sensor pulse quantization noise uncertainty;
identical to E(x2) =¢2/12

covariances of the x, and x,
attitude/velocity quantization measurement
noise vectors

velocity (rate of change of the position
vector R) relative to nonrotating inertial
space (i.e., the I frame) as projected

on I frame axes

error state vector

integrated angular rate from time [ — 1 to /
time intervals for the [, m, and n attitude,
velocity, and position computer update
cycles

change in 4™ over an/ and m cycle
errorin ()

accelerometer output quantization
random error vector

accelerometer output white noise error
vector (integral known as random walk

on velocity)

accelerometer output error vector

in B frame coordinates

Sa? exclusive of accelerometer
quantization error

angular rate sensor output
scale-factor/misalignment error matrix
angular rate sensor output bias error vector
accelerometer output
scale-factor/misalignment error matrix
accelerometer output bias error vector

SR' at computer cycle ()

Sv!, 8v’* at computer cycle ()

revised form of §v’ that neglects the
instantaneous C ;8 Uquan: part of the §v’
quantization error [from Eq. (34),
parameter still contains accelerometer
quantization error input under applied
angular rates]

angular rate sensor integrated rate
increment quantization error for computer
cycle !

defined by Eq. (46)

Say; exclusive of sensor quantization error
angular rate sensor white noise
quantization error associated with the
integral of angular rate sensor outputs
quantization error vector

contributionto

white quantization noise vector equivalents
to Cawm and qubvm

defined by Eq. (42)

dv,, exclusive of sensor quantization error
accelerometer white noise quantization
error associated with the integral

of accelerometer outputs

quantization error vector contribution

to dv,,

independent accelerometer white noise
quantization noise vectors equivalent

10 8y gy and SOy, TOT angular

rate sensors

angular rate sensor output quantization
random error vector

angular rate sensor output white noise error
vector (integral known as random walk on
attitude)

angular rate sensor output error vector

in B frame coordinates

Sw? exclusive of angular rate sensor
quantization error

Ea
&y

angular rate sensor output pulse size
accelerometer output pulse size
cumulative angular rate sensor pulse
quantization error over an m cycle
(exclusive of the X, error), which
appears only in the attitude error equation
instantaneousangular rate sensor
quantization error at computer cycle
@®=" at computer cycles j and [
misalignment error angle vector
associated with C,’ ' in B, _, frame
coordinates, considering the B; _ frame
to be misaligned relative to the B frame
instantaneousangular rate sensor random
quantizationerror at cycle / having a value
between —&, /2 and +¢, /2 with equal
probability (i.e., uniformly distributed)
angular rate sensor and accelerometer
quantization error vectors at update
times / and m

X vm = angular rate sensor pulse quantization error
that occurs once each m cycle in both the
attitude and velocity error equations

CD( Ym =

gm =

Bj—1 4Bi-1
P

¢B,,| ;

qu > Xum =

misalignment error angle vector

associated with Cf in I frame coordinates,
considering the / frame to be misaligned
relative to the B frame

revised form of 1’ that neglects the
instantaneous C ;8 0tgyan part of the !
quantization error [from Eq. (28),
parameter still contains cumulative angular
rate sensor quantization error effects under
applied angular rates]

1/;('), 1/;("; = ', 4™ at computercycle ()

w? = sensorassembly angular rate vector
relative to nonrotating inertial space as
projected on B frame axes (i.e., angular rate
sensed by strapdown angular rate sensors)
skew symmetric cross-product

form of the () vector,>¢

value for () calculated in the strapdown
system computer error; parameter without
caret is considered nominal error free value

Introduction

N many strapdowninertialnavigationsystems, the inertial sensor

outputs (from angularrate sensors and accelerometers) represent
integrated samples of the sensor inputs over each system computer
navigation parameter update cycle. In practice, this is achieved by
counting output pulses from the sensors during each update cycle.
Each sensor pulse representsthe occurrenceof a specified increment
of integrated sensorinput. One can imagine the attitude and velocity
parameters in the strapdown computer being generated as a repet-
itive summing operation on the sensor count samples. For perfect
inertial sensors, the complete integrals, that is, attitude and velocity,
so generated will be correct, but only to within a pulse because the
instantaneous pulse output will, in general, not occur exactly at the
computer sample time instant. The associated error effect is called
pulse quantization.

Integrationalgorithmsin the strapdowncomputer processthe sen-
sor outputs to continuously calculate attitude, velocity, and position
navigation parameters. Because of errors in the sensor outputs, the
navigation parameters develop error buildup with time. Error equa-
tions associated with strapdown inertial systems generally describe
navigation parameter error propagation characteristics in response
to initial uncertainties and inertial sensor errors. Typical sensor er-
ror models have included scale factor, misalignment, bias errors,
and sensor-induced random output noise, with the random noise
modeled as white process noise such that its integral gives rise to
a “random walk” (i.e., random walk on attitude for angular rate
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sensors and random walk on velocity for accelerometers). Sensor
quantizationrepresents an additional random error source that usu-
ally has less impact on system inaccuracy than the random-walk-
type noise. As such, it is often neglected altogether' = or included
as part of random walk noise. For incremental integrating sensors
such as described earlier, the latter random walk modeling approx-
imation is incorrect and can lead to erroneously large growth rates
in system error parameter propagation equations.

This paper develops an analytical model for inertial sensor quan-
tization noise and how it can be properly represented in strapdown
inertial system attitude, velocity, and position error equations. The
model is useful for assessing the magnitude of quantization noise-
induced system error and if significant, how to include it in system
navigationparametererror propagationand measurementequations.
System error propagation models are developed both as continuous
form differentialequations and as discrete difference equations. For
each, it is shown how the attitude, velocity, and sensor error para-
meters must be modified to enable proper quantization error mod-
eling as white noise for compatibility with standard error state dy-
namic equation formatting.

The discrete form system error propagation model is used to
develop analytical expressions for attitude/velocity measurement
quantization noise covariances and for spectral densities of white
quantization noise terms in the differential error propagation equa-
tions. These include correlations that exist between attitude and
velocity errors from angular rate sensor quantization noise inputs,
and between velocity and position error from accelerometer quan-
tization noise inputs. The discrete difference form also reveals that
the continuous form error propagation equation derivation implic-
itly assumed equal attitude, velocity, and position parameter update
frequenciesin the strapdown system computer, and how the contin-
uous form error equations should be modified for the general case
of different navigation parameter update frequencies.

A general discussionis provided of how quantization white noise
spectral densities should be computed for compatibility with two-
speedattitude, velocity,and positionupdatingalgorithms. The paper
includes examples illustrating the computation of numerical values
for quantizationnoise effects and how incorrectmodeling can lead
to significant mischaracterizationof the effect of quantizationnoise
on systemaccuracy. Validity regions are discussedregarding model-
ing quantizationerror as random noise. Finally, compensationtech-
niques are described for reducing quantization error if necessary to
meet system accuracy requirements.

The material presented in this paper is a composite and extension
of material originally presented in Ref. 4.

Sensor Quantization Error Model

An analytical model for quantization error can be developed
(Ref. 4, pp. 18-119-18-120) by considering how integrated sen-
sor output increments are formed as the summing of pulses in the
system computer from the end of navigation parameter updatecycle
[ —1 to the end of cycle /. Imagine a situation in which the pulse
count from the / — 1 cycle time happened to begin instantaneously
after a pulse was emitted (“start” pulse). For an angular rate sensor,
the pulse count from this time forward would be a true indication
of integrated angular rate (i.e., attitude change) at any instant that
a pulse has been received and counted. Now consider that the / — 1
cycle time pulse count is initiated a small time interval before the
start pulse, in which the small time interval is less than the local
time interval between pulses (Fig. 1). The first pulse that is counted
(i.e., the start pulse) will be in error (a quantization error) because
it is registered as a full pulse when in fact the time period for the
count was less than a full pulse period. The maximum error under
this conditionoccurs when a pulse is received (and counted) instan-
taneously after the / — 1 time instantand will equal one pulse. Thus,
the quantization error introduced at / — 1 can range in magnitude
from zero to one pulse with a mean value of half a pulse (for a
uniform statistical quantization error distribution). The sign of the
quantization error will be the sign of the instantaneous pulse rate
(positive or negative). The pulse count from this point forward will
add no additional quantization error until the / cycle is reached to
halt the incremental count.

Integrated
Angular Rate

= Time
Last Start Pulse  Start
Pulse Count Pulse

Fig. 1 Start of pulse count sampling.

/

Integrated
Angular Rate

= Time

End End Pulse Next
Pulse Count Pulse

Fig.2 End of pulse count sampling.

If the count is halted at a finite time interval following a pulse
occurrence (“end” pulse), the pulse count at [ will experience an
additional quantization error because the integrated angular rate
since the end pulse has not been registered in the count (Fig. 2).
The error will be maximum at one pulse magnitude if the count is
halted at the instant before receipt of the next pulse. Thus, the added
quantizationerror at [ will be in the range of zero to minus one pulse
with a mean value of minus half a pulse. The sign of the error in this
case will be the negative of the instantaneous pulse rate at /.

The preceding discussion is the basis for the following angular
rate sensor pulse count quantization error model:

50‘quanl, = éoq - g(xl,] s éoq = (80(/2) SigH(Ol[) + Xaoy (D
We assume that, for the most part, S g, Will have the same sign
atcycle! — 1 and / so that Egs. (1) when combined yield

50‘quanl, = Xy = Xay—1 )

From Eq. (2), we see that the cumulative error in the sum of the
angular rate sensor incremental pulse count increments (i.e., the
error in the integrated angular rate) is given by

L

Z 50‘quanl, = Xap = Xay (3)

=1
The x,, termin Eq. (3) canbe consideredto be an initializationerror
on the integrated angular rate; the x,, termis arandom error on the
integratedrate at cycletime L. Thus, Eq. (3) shows that quantization
noise can be modeled as random noise on the integrated inertial
sensor output signal.

Strapdown Sensor Generic Error Models

Strapdown inertial sensor errors can be represented by the fol-
lowing vector forms (Ref. 4, pp. 12-110, 12-111):

sw? = 5Kscal/misw[} + 8Kpias + SWrana + 5wquanl 4)
&lff = 5Lscal/misaff + 5Lbias + 5u|*and + 5uquam (5)

The Swquant and Saqune quantization error terms in Eqs. (4) and
(5) represent random errors on the direct (not integrated) sensor
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outputs. The discussionin the preceding section showed that quan-
tization error can be accurately modeled as a white uniformrandom
error process on each integrated sensor output. Hence, 8w gyan and
8aquane Tepresent the time derivative of the white random quantiza-
tion error process associated with the integrated output. Because
a white uniform random process on the integrated sensor outputs
is easily defined mathematically, it is expeditious to substitute for
SWaquant and 8@qyy (Ref. 4, p. 12-113):

5wquanl = 5aquanu auquanl = 5’Uquanl (6)

Strapdown Inertial Navigation Differential Equations

To analyze how quantization noise is properly modeled in typ-
ical strapdown inertial navigation systems we will study its effect
on a representative set of the differential equations implemented
by integration algorithms in the system computer. To simplify the
analysis, the equations will be written for a nonrotating “inertial”
coordinate frame with position location represented as a position
vector, in contrast with more traditional but analytically equivalent
methods in which equations are written in a locally level rotating
coordinate frame (e.g., wander azimuth) and position location is
represented by altitude and angular location over the Earth’s sur-
face (Ref. 4, pp. 4-3-4-8, 4-10-4-14, and 4-16-4-20). Error mod-
eling methods to be presented are comparable for either coordinate
frame approach. With the use of Refs. 4 (pp. 12-21-12-23), 5, 6,
and 7 (pp. 16, 17) as guides, we write the strapdown navigation
equations as

Chp = Chw®x) 7
v/ =Clal +g' (8)
R' =/ )

Strapdown Inertial Navigation Differential Error
Propagation Equations

The error rate equations associated with Egs. (7-9) are obtained
from their differential (Ref. 4, pp. 12-65-12-70):

8ChL = 5CL(w" x) + CL(Bw® x) (10)
sv! =8CLal + Cpéal + 5g’ (11)
SR' = 5v' (12)

We assume that through proper software design practices, there
will be no significant orthogonality or normality errors in the sys-
tem computed value of C%. Then the error in computed C} can be
attributed entirely to misalignment, which we characterizein tradi-
tional fashion [Refs. 4 (pp. 3-78-3-79) and 7 (p. 164)] as

Cp =1—@')ICy (13)
Using the definition for §C}, and substituting (13) then finds
8Cp =Cj = Cy = —@'x)C} (14)

The derivative of Eq. (14) with Eq. (7) is

3CL = —(p' x)CL— (! x)CL = —(3p' x)CL— (3 x)CL(w? x)
(15)
Substituting Eqs. (14) and (15) in Eq. (10) obtains, with

rearrangement,

W' x) = —CLew’)(Ch) = =[(Clsw®) x ]  «16)

or equivalently,

o1

¢ = —Clsw® (17)

Finally, we substitute Egs. (4-6) for w” and 8aZ in Egs. (17) and
(11), substitute Eq. (14) for §C}, in the revised 6! equation, rec-

ognize that (¢’ x)Chal =4’ x a!; = —a!; x ', and with Eq. (12)
summarize results:

I

1/; = _CII; (5Kscal/misw3 + 5Kbias + 5wrand + 5dquanl) (18)
v =al x '
+ C[I; (aLscallmisuff + aLbias + aurand + 5'bquant) + 5gl (1 9)
SR' = &' (20)
Equations (18-20) constitute the error form of strapdown iner-
tial equations (7-9) in which the noise terms (rand and quant sub-
scripted) are modeled as white noise. A fundamental problem ex-
ists with these equations if they are to be used for classical error
state vector formulations; quantization noise terms appear as their
derivatives which is incompatible with standard error state dynamic
equation format [Refs. 4 (p. 15-2), 8, and 9]:
x=Ax+Gpnp (2])

The following section shows how Eqs. (18-20) can be modified into
the standard Eq. (21) format.

Error Equation Revisions to Enhance
Quantization Noise Modeling

We begin by revising attitude error equation (18) as follows
(Ref. 4, pp. 12-113-12-115):
il I, I B
’l/’ + Cgaaquanl = _CB (5Kscal/misw + 5Kbias + awrand) (22)

and note that

. d N
C;géaquant = a(cllgéaquant) - C[;(saquam (23)

so that Eq. (22) is equivalently
d
a(’d’l + Cllgaaquanl)

= _CII; (aKscallmiswf[; + aKbias + awrand) + Cllgaaquant (24’)

The form of Eq. (24) suggests the definition of revised attitude
and angular rate sensor error parameters:

P =’ + Cpdaguan (25)

5“-’3* = 5Kscal/miswf[; + 5Kbias + 5wrand (26)
The converse of Eq. (24) will also be useful,
1/" = 1/”* - Cllgaaquanl (27)

Substituting Egs. (25) and (26) in Eq. (24) with Eq. (7) for C,g then
yields the final form:

" = —ClLow® + Ch(w” x)8tquan (28)

The identical procedure is applied to the velocity and accelero-
meter error terms in Eq. (19), namely,

5VI* = 5VI — Cllg(s’uquan[ (29)
&lff* = aLscallmisuff + 5Lbias + 5urand (30)
v = 6v" + Cpdvguan (€2Y)

The derivative of Eq. (29) is

89 = 89" — CL8Vquant — CHOD quant (32)
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In Eq. (32), we then substitute Eq. (19) for 8% and Eq. (7) for C};
in the result, substitute Eq. (27) for ¢’ ; recognize that

(aly x ) Chdetqun = CH(Ch)" (aly x )Choetguun

_ 1 B
- CB (usf X )5aquanz

and apply the equation (30) 8uff* accelerometer error definition.

Last, we substitute Eq. (31) for 8v/ in the equation (20) SR’ expres-
sion, and with Eq. (28), summarize results:
- L

’l/’ T = —C;}(Swg* + C;;(wlgx)saquam (33)

v’ =al, x " + Chsaly + sg'

— CL(a® x)8tguam — C 4 (w” X)8Vquan (34)
8R! = 8v" + CL8Vuam (35)

Equations (33-35) with Egs. (26), (27), (30), and (31) constitutea
complete consistentset for the new (and old) variablesp ™, 4, sv',
8v!, and SR!. Propagation equations (33-35) only contain direct
white noise terms, that is, no white noise derivatives, hence, are
compatible with the standard Eq. (21) format. These equations can
be used in place of navigation error equations (18-20) for the 1’,
8v!, and SR’ error parameters.

RecognizethatalthoughEgs. (33-35) were configured to enhance
white noise modeling of sensor quantizationerrors, their derivation
never explicitly assumed that quantization error was white noise.
Consequently, these equations are general and equally valid for any
representation of quantization error that may exist under particular
sensor input situations. This point will be discussed further at the
end of the paper.

When Egs. (27), (31), and (33-35) quantization errors are mod-
eled as white noise, their numerical characterizationis classically
described in terms of statistical covariances or white noise spec-
tral densities. To relate the noise values to the sensor quantization
noise model (see “Sensor Quantization Error Model” section) we
will need the equivalentdiscrete difference form of Egs. (33-35) as
derived in the next section.

Equivalent Discrete Difference Error Equation Forms
The discrete difference equivalent to differential equations (7-9)
at the attitude, velocity, and position updating algorithm computer
cycle times is
Ch=Cj Cpl (36)

B Bi_1B

m m—1

tm
v, =V, 1 +Cp / Cpr'aldr +g! A, 37)

tm—1

n
R’=R’7l+v;71Atn+/ (' =l ) (38)

n n
th—1

Figure 3 illustrates a typical timing relationship between the
Eq. (36-38) attitude, velocity, and position update cycles.

When it is assumed that the computer update rate is fast enough
that B frame orientations between times m — 1 and m are close to
one another, the error form (differential) of Eqs. (36-38) is

sCl =sct P4t oscP (39)

B B_1VB B_1°“5B
1 Cycle T
Time

Update

m Cycle i
Velocity
Update

Time

n Cycle
Position
Update

»Time

Fig.3 Computation timing cycle pulses.

tm
I _ g0 I Bn—1_B
v, =, +8C, / C," lagdt

tm—1

m
+C,§mla</ C,[:’"'uffdt)-l—ég,'nAtm ~ vl
tm—1
Im m
+8C,'3m7]/ aldt+Cp 8 / a’dt |+ 5gl At,

tm—1 tm —1

=6y, _,+6C, v, +Cp v, +dgLAL, (40)
tn
SR! =SR! | + v _ A1, +/ s —vl_)dr
th—1

~ 8R!, + v _ | AL, 1)

n—1

with

tm tm
U, E/ uff dr, v, =/ 5uff dr 42)
7 1

m — 1 m—1

Substituting Eq. (14) in Egs. (39) and (40) finds
—(wix)Cp, = = (wi_1x)Cy,_,Cyy ™' + €}, 5C,!

=_(’¢)’I*1X)C1131 +C1’317|5CHFI (43)

B
svl=svl_ +(Ch  v,) x ¢l _ +Ch v, +8gl AL, (44)
In traditional fashion [Refs. 4 (p. 7-37) and 10 (p. 351)], we
approximate

SCE-! = (Sayx) (45)

B

CP " 21+ (%),

B

1 1
o E/ w?dt, Say =/ Sw? dt (46)
1 -1

-1 -

with

Multiplying Eq. (43) on the right by —(C})" and substituting
Eq. (45) then obtains

.
(%) ~ (] x) = €}, Barx)(Cy, )
= (i %) = [(€_ pen) x ] “7)
or
Y = —Cy by (48)
Equations (48), (44), and (41) (summarized next) represent
discrete difference equivalents to differential error propagation
equations (18-20):
Y = —Cy by (49)
sl =ovl _ +(CL w.) xapl | +CL v, +8gl At,
(50)
SR =SR! | +&vi_ A, (51)

Focusing on the angular rate sensor quantizationerror portion of
Sy and dwv,,, we define
8oy = 8a] + Saguany Sv, = 8vU), + SUquan, 52)

and based on the vector form of the equation (2) quantization error
model for angular rate sensors and accelerometers

5aquanl, = Xoy — Xaj_1» ‘quuamm = Xumw — Xup -1 (53)
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We also define, as in Egs. (25), (27), (29), and (31),

¥ =%+ X 8y, = 8w, = Cp, Xy, (54)

i 1/), svl =ovl + C,’,milan (55)

B, 1 Xag»
Substituting Egs. (52), (53), and (55) in Egs. (49-51) yields
wl—l - CIIJI ]50(, (Clliz 1 Cll?l—z)xﬂtzfl (56)

Is __ I 1
Svlr =dvyr_ +Cp v,) X Pl

= (Ch,_vm)

—(ch = Ch )Xy, , +08LAL, (57)

* 1
715’Um + (CBm—I

’ )
(CHz rm—1)— 1 Xaw -1

SR! =68R! _, + v A1, +C} At, (58)

m:\(n—l)—lxun—l

From Eqs. (36) and (45), we see that

Cll?z 1 CII?; 2 _Cllz, S 1x)
Cll?m 1 _Cllfmfz = C By — z(a’"*lx) (59)

Then, by recognition that

a1 0m) < (C )
(CBm—I’Um CB( rm—1)— 1 Xa -1

~ ! —
NC/fmq (U'" X Xfxm—l) - (U'"X)Xam 1

B —1

andthatCp _ ~~ ~Cp  Egs.(56-58)become the following
final forms:
= = Cp_ 0o + Cp_,(0u_ 1), (60)
Svl=svl_ +Ch sun+(Ch va) x Yl + gl AL,
= Chp (W X)Xa, = Cp (@1, 61)
SR, =0R_, + v, | At, +Cj X, AL, (62)

Equations (60-62) with Eq. (55) represent discrete equivalents
to continuous form equations (33-35) with Egs. (27) and (31).
Equations (60-62) are used in the next section to develop revised
versionsof Egs. (33-35) that properly accountfor quantizationnoise
coupling between error equations for different navigationparameter
update frequencies.

Revisions to Differential Error Propagation Equations
for Proper Quantization Noise Correlation Modeling

For error state dynamic equationmodeling, we see from Eqs. (33-
35) that angular rate sensor and accelerometer quantization noise
80tgyan and SV gy appear in the 4™, 8v™, and SR error propaga-
tion continuous form differential equations. Comparing the discrete
difference form error propagationequations (60-62) with Egs. (33—
35) shows the equivalency between the 8 tguunt, Uquane CONtinuous
form quantization noise parameters, and the x,, X, discrete form
parameters. Note from Egs. (60) and (61) that the & quantization
noise terms in the attitude and velocity equations are correlated
when the / and m cycles overlap. From Egs. (61) and (62), we
see that a similar correlation exists for the v quantization noise
terms in the velocity and position error equations when the m and
n cycles overlap. Proper error state dynamic equation modeling
should include these correlation effects. First considering the o an-
gular rate sensor quantization error terms in Egs. (60) and (61),

we write
I=rm I=rm
A’l/)ﬁ = Z Aw[/* =...+ Z Cllzl,z(alflx)xmfl
I=r(m—1)+1 Il=r(m—1)+1
l=rm
=~ +C,'31 2(“"1371 X )At, Z Xoy
I=r(m—1)+1
1 At, '
~ +C1’3m( Z X)f At,, Xam -1 + Z Xaj -
! I=r(m—1)+2
_ In i
=t TCB, (wn %) AL, (X +<wm)
A‘SV:I; N — Cllz,,,,]( ag,, X)Afmxwv (63)
with
l=rm
X(xwv,,, = X(xmfl 4 C(x\bm = quf] (64)
l=r(m—1)+2

The equivalent to Eq. (63) on a differential equation basis is the
following:

e A% T
"~ ~ S+ TCB(w ) (801 + 80y guan)
. Adv!
Svl* ~ — o —Ch (aff X )5aquuam (65)

Similar results apply for the v accelerometer quantization error
terms in Egs. (61) and (62) compared with Egs. (34) and (35). We
then find, for the composite,

o1

’l/’ T = _C[IJ(S""B* + (fm/fl)cllg(ng)(aaquuant + aanuant) (66)
Svls =al, x " + Cpsal +8g' — C}) (aff x)éawquam
= (/) Ch(@" X) (80 vRgpan + 8V v ) (67)

8R! = 8v" + CLSVy gy (68)

Equations (66-68) with Egs. (26), (30), and (55) are equivalent
to Egs. (33-35) with Egs. (26), (27), (30), and (31) for the general
case when attitude, velocity, and position update frequencies are
different. For the case when the [ and m update frequencies are
equal (i.e., ¥ = 1) Egs. (63) and (64) show that from its definition,
Cay, 18 zero; hence, from its definition, vy, in Eq. (66) is zero.
Similarly, §vy,,,, is zero when the m and n update frequencies are
equal. Thus, for equal /, m, and n update frequencies, Egs. (66~
68) reduce to Egs. (33-35). Without realizing it then, the derivation
of Egs. (33-35) implicitly assumed equal attitude, velocity, and
position update frequencies, which may or may not be the case. In
Ref. 4, pp. 16-33-16-34, this point was missed because the more
rigorous intermediate step of deriving equivalentdiscrete difference
equations was not performed. For complete generality, Egs. (66-68)
with Egs. (26), (30), and (55) should replace Egs. (33-35), (26),
(27), (30), and (31) for proper quantizationerror modeling as white
noise.

Setting Numerical Values for Quantization Noise Terms

In this section, we will address the problem of assigning nu-
merical values to Egs. (66-68) and (55) sensor quantization er-
ror terms for use in measurement and error state dynamic equa-
tion modeling. For either case, the quantization noise model will
be based on the x-type sensor quantization noise parameter (see
“Sensor Quantization Error Model” section) representing a zero
mean uniformly distributed quantization error ranging from —e /2
to +&/2 in which ¢ is the sensor pulse size. For such a ran-
dom error characteristic, it is easily shown that the variance of
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X aboutits zero mean is &2 /12. Equations (66-68) numerical noise
models will be based on their equations (60-62) discrete version
equivalents.

For the measurement modeling case, consider situations when
an attitude- or velocity-type measurement is being made such that
the measurement equation(s) include the attitude or velocity error
parameters 1’ and 8v'. From Eq. (55), we see that, in terms of the
revised error parameters 1’* and 8v*, the associated quantization
error terms x, and x, will appear as measurement noise in the
measurement equation (with an associated C}, coefficient). If we
assume that each angular rate sensor has the same pulse size and
similarly for the accelerometers, the covariances of the associated
quantization measurement noise matrices are

Vi, = Z[(Cl’;xa)(cl’;xa)r] = CLE(x ) (Ch)"

=Cy (uotquantl) (C,';)T = (85/12)1

Vi, = (£2/12)1 (69)

For error state dynamic equation modeling using Eqgs. (63) and
(64) compared with Eq. (65), the white noise spectral density ma-
trices associated with Savyy,,, and day,,,, can be easily identified
from the average rate of change of the v’ and 8v* covariances
over an m cycle. Recognizing from their definitions that §ty v,
and day,,,, are independent from one another with independent
components, we find

Z:I:(Atm Xayv,, ) (At”‘ Xayv, ) T:I

chwv ~ At = Z[X‘xm—l (mefl)T:I At’”
Uaguant _ 83(
O fa12f
2] (Ao (A1)
Quy & At

I=rm I=rm T
Bl 2 a2 ) A
I=r(m—1)+2 l=r(m—1)+2

l=rm

Uagquan fi &
I Ugpo = 1(r = N—— =T — — 1 “
>t =10 — D (fm )%

(70

Similar results apply for the v accelerometer quantization error
terms in Egs. (67) and (68) when comparing with Egs. (61) and
(62). In summary with Eq. (69), we then find the following for the
measurement and process noise terms.

White process noise spectral densities for propagation
equations (66-68) are

Quiv =12 /12£,),  Quy =1Ufi/fu — 11(e2/12f,) (TD)
Qe =1(2/12£,),  Qu=1fu/f, —11(2/121,) (72)
Measurement noise covariances for Egs. (55) are

Vi, = (2/12)1, Vi, = (¢2/12)1 (73)

I=r(m—1)+2 m

Application to Two-Speed Computation Algorithms

A fine pointin the precedingdiscussionrelates to values assigned
to the f;, f., and f, frequency terms in Egs. (66) and (67) and
Egs. (71) and (72). These frequenciesrepresentthe rate at which atti-
tude, velocity, and position parameters are updated in the strapdown
system computer. However, what if two-speed algorithms [Refs. 4
(pp. 7-1-7-76), 5, 6, 10 (p. 354), and 11-17] are used for parameter
updating? For example, let us say that angular rate sensor data are
processed by a high-speed algorithm to calculate the change in at-
titude (in the form of a rotation vector) over a lower speed attitude

update interval, with the rotation vector then used to update attitude
at the lower rate. Which rate should be used for f; in Eqs. (66) and
(71), the high-speedrate to generate the rotation vector or the lower
speed attitude update rate? The answer is that the rotation vector
computation frequency should be used for f;. The rationale is pro-
vided heuristically next. A rigorous analytical proof is given in the
Appendix.

The analytical theory behind two-speed attitude updating algo-
rithms is that by computing the rotation vector at high speed and
using it to update attitude at a lower speed, the overall accuracy is
equivalent to what would be obtained by updating attitude at the
high-speed rate. The analysis in this paper was based on updating
attitude at a single rate f;. Equivalent accuracy would be obtained
from a two-speed algorithm if the rotation vector was updated at f;
and the rotation vector was then used to update attitude at a lower
rate. Hence, if an intermediate rotation vector is being calculated
to update the attitude solution, the rotation vector computationrate
would be used for f;. With a single-speed algorithm, the algorithm
input is the integrated angular rate sensor output over the attitude
update cycle period (as in the simplified attitude update algorithm
of this paper). This is equivalentto approximating the rotation vec-
tor calculation for the two-speed algorithm as a simple angular rate
sensor output integral. For this case, the attitude algorithm update
rate would be used for f;.

From a different perspective, attitude change can be analytically
defined as the sum of two elements, integrated angular rate plus the
effectof coning motion [Refs. 4 (p. 7-9), 5, 12, and 14-17]. For two-
speed attitude updating algorithms, the rotation vector computation
at high speed accounts for both of these effects, with the integrated
angular rate portion being the dominant term. Based on this inter-
pretation, the preceding paragraph can be restated that, if coning
is included in the rotation vector calculation, the coning algorithm
update rate would be used for f;. If coning is notincluded, the lower
speed attitude update rate would be used for f;.

Similar reasoning applies for the f,, and f, values used for
velocity/position updating. If sculling (in the acceleration trans-
formation portion of velocity updating [Refs. 4 (p. 7-41), 6, 14,
and 17]) or scrolling (for high resolution position updating [Refs. 4
(p. 7-62) and 6]) terms are being calculated at a higher rate than the
basic velocity/position update frequencies, the sculling update rate
would be used for f,, and the scrolling rate for f,. Otherwise f,,
and f, would be set to the velocity/position update frequencies.

Numerical Examples

To illustrate the magnitude of system error effects generated by
sensor quantization noise let us analyze a hypothetical situation in
which the angular rate sensor pulse size ¢, is 1 arc-s with atti-
tude and velocity updated at 1 kHz (f; and f,,). When Egs. (71)
are used, 0,y is zero and the amplitude of Q,yy is £2/(12f,,) =
8.33E-5 arc-s’s = 1.96 E-15 rad’s. Consider how this white noise
spectraldensity for § oy, affects thetp™ attitudeerrorin Eq. (66).
Under a 1-rad/s angular rate [w? in Eq. (66)], the amplitude
of the white noise spectral density driving the 1’ covariance
would be (f3,/f1)*1w® I Quyvympiinae = 17 % 17 X 1.96E-15rad*/s =
2.31E-8 deg?/h. The equivalent random walk on attitude coeffi-
cient is the square root or 1.52E-4 deg/rt-h. For comparison, the
random walk (on attitude) coefficient for a ring laser gyro (RLG)
in a moderate accuracy aircraft inertial navigation system (INS) is
2E-3 deg/rt-h. Thus, for the numerical example, the quantization
noise effect is comfortably less (by a factor of 13) than the RLG
random walk. Note also from Eq. (66) that under zero angular rate
w? the effect of quantization error on ™ attitude error is zero.

Now consider that the analyst fails to recognize that angular rate
sensor quantization error should be modeled as the derivative of
white noise [i.e., Egs. (4) with (6)] and instead, models §wyan in
Eq. (4) as white noise [i.e., uses §wqyan as white noise in Eq. (18) in
place of §quanc]. This is equivalent to treating Sctquan, in Eq. (2) as
having two quantizationerrors (x,, and x,,_, ) with each So/gyqn,, be-
ing independent from [ cycle to cycle. The corresponding random
walk on attitude white noise spectral density would be 2 f;e2/12.
(Note that the effect increases with update frequency in contrast
with inverse frequency sensitivity for the correct Q,,, modeling
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earlier.) With the hypothesized 1-arc-s pulse size and 1-kHz at-
titude update rate, the mismodeling equates to 1.67E2 arc-s*/s =
3.92E-9rad*/s = 4.63E-2 deg?/h. The correspondingrandom walk
on attitude coefficient is the square root or 2.15E-1 deg/rt-h. The
effectis 108 time larger than the hypothesized 2 E-3 RLG random
walk coefficient, clearly a serious mismodeling situation. Further-
more, from Eq. (18) (with §wqy. as white noise replacing 6 qyant)s
the random walk buildup on attitude error ¢4’ is direct and indepen-
dent of angular rate w?®.

Consider the effect of Q,y, (the white noise spectral density
of §auyvy,.,) on velocity error equation (67) under zero angular
rate conditions. Under zero angular rate, Eq. (66) shows zero cou-
pling of datyy,,, into 1/;1*, hence, zero coupling of Sy vy, into
Sv™ in Eq. (67) (through the ™ term). Quantization does im-
pact 8v’ in Eq. (67) through a5 coupling. Under a 1-g specific
force acceleration a’, the amplitude of the white noise spectral
density driving the §v’* covariance would be |a%|* Quyv,pis =
(32.2 fps)* x 1.96E-15 rad’/s=2.03E-12 (fps)*/s. The equiva-
lent random walk on velocity coefficient is the square root or
1.43E-6 fps/rt-s = 8.55 E-5 fps/rt-h, negligible compared to the to-
tal velocity error in a moderate performance aircraft INS, which is
on the order of 2 fps for the first hour of operation.

Again, consider that the analyst erroneously mismodels quanti-
zation error as white noise, that is, uses wguan as white noise in
Eq. (18) in place of 8 cxquani. The resulting attitude error W’ prop-
agates through a? into velocity error equation (19). Reference 4,
p. 13-104, shows that under the hypothesized 1-g specific force en-
vironment, the velocity error variance response to random walk
on attitude is +¢°#°Gyrana, Where gurana is the random walk on
attitude white noise spectral density, g is gravity magnitude,
and ¢ is time in navigation. For quantization error erroneously
modeled as g, ;.na With the value given earlier (i.e., 3.92E-9 rad?/s)
the resulting velocity variance increase at one hour would be
% x 32.22 x 3600° x 3.93E-9 =6.34 E4 (fps)* or252 fps on aroot-
mean-square basis. This is 2.94 E6 times larger than the correct
quantization noise effect and 126 times larger than the 2-fps mod-
erate accurate INS total velocity error.

As a final example under approximately zero angular velocity
conditions, let us hypothesize a quasi-stationary INS initial align-
mentsituationwhere a Kalman filteris being used to estimate sy stem
initial heading using the horizontal components of R [Egs. (7-9)]
as the measurement. (The initial alignment process is discussed
in detail in Ref. 4, pp. 6-1-6-9 and 14-36-14-80.) Reference 4,
pp. 14-10-14-16 and 14-72-14-73, shows that angular rate sensor
randomwalk on attitudeerror produces an estimatedheadingerror at
initial alignment completion given by +/(q., rand / Tatign ) / (@ cOs lat),
where ¢, g 1S the angular rate sensor random walk on attitude
white noise spectral density [the spectral density for each element
of 8Wygna in Eq. (4)], Tyjign is the time in alignment, w, is Earth
rotation rate, and lat is latitude. The same reference also shows
that angular rate sensor quantization error produces an error in
estimated heading given by +/(3¢. (luam/Ta:I;ign)/(w" cos lat), where
G quane 18 the amplitude of the O,y quantization white noise spec-
tral density function in Eq. (71). Consider the case when lat=45°
and T, = 180 s. When the earlier hypothesized RLG value for
Gorana [(QE-3)? deg’/h =3.38E-13 rad®/s] is used, the earlier for-
mula yields 8.43 E-4 rad contribution to heading error. (Note that
the allowance for initial heading error in a moderate accuracy INS is
typicallyonthe orderof 1 E-3rad.) When the earliercomputed Qv
amplitude for qq quanc (1.96E-15 rad’® s) is used, the heading error
formula gives 6.17E-7 rad heading error due to angular rate sensor
quantization. Thus, for the hypothesizedpulse size, update frequen-
cies, and alignment time, the initial heading error caused by angular
rate sensor quantization error is negligible compared to that caused
by random walk on attitude (g, 4,q)- Note also thatif quantizationer-
ror was incorrectly modeled as g, runa White noise at 3.92E-9 rad®/s
(as discussed earlier), the g, ., into heading error formula would
predict the estimated heading error to be 9.08 E-2 rad, significantly
outside moderate accuracy INS accuracy specifications.

Similar methods can be used to analyze the effect of ac-
celerometer quantization error and associated mismodeling on
initial alignment accuracy. For heading error analysis, Ref. 4,

pp. 14-10-14-16 and 14-72-14-73, shows that heading error
caused by accelerometer quantization during initial alignment
is +/[20g, quan[/(gZTa?ign)]/(wg cos lat) where g is gravity mag-
nitude and ¢, qume iS the amplitude of the Q,,z quantiza-
tion white noise spectral density function in Eq. (72) [i.e.,
€2/(12 f,)]. The same reference also shows that accelerometer ran-
dom walk on velocity error produces an estimated heading error of
/[39arand /(gZTa?ign)] /(w, cos lat) where g, 1anq is the accelerometer
random walk on velocity white noise spectral density [the spectral
density for each element of 8a,,,q in Eq. (5)].

Validity Limits for Quantization Error as Random Noise

A fundamental assumption in the characterization of quantiza-
tion error as random noise is statistical independence of the error
from computationcycle to cycle. Under most navigation flight con-
ditions, this is a reasonable assumption; however, there are those
situations when the assumption is flawed. For example, consider
the case where the angularrate is constantand low enough that only
asinglepulseis emitted from the associatedangularrate sensor over
several attitude/velocity update cycles (e.g., during quasi-stationary
initial alignment when one of the angular rate sensor input axes is
close to east with no external disturbances). Under these conditions,
angularrate sensor quantizationerror produces an angular error be-
tween pulses that builds up linearly with time and is reset when each
pulse is emitted [i.e., a sawtooth pattern with the ramping portion
slope equal to the negative of the sensor input (as in Fig. 4)]. (A
similar effect would also occur for an accelerometer when its in-
put axis was near level.) The pattern repeats between pulses, and
hence, is not random from computer cycle to cycle. From the na-
ture of the repeating quantization sawtooth error pattern, resulting
velocity/position errors would also be cyclic and have no amplitude
buildup with time as with random-typeerror effects. Therefore, rep-
resentationof quantizationerroras randomisinvalid.Note, however,
that in terms of error buildup with time, approximating quantiza-
tion error as random noise for this case is a conservative estimate
of the actual effect (i.e., the actual effect is bounded). On the other
hand, a cyclic sawtooth-typequantizationerror (if it exists) must still
be analyzed independently to assess its particular effect on system
performance.

For the staticinitial alignmentscenario discussed, it is known that
when the frequency of pulses (and the sawtooth error pattern) gen-
erated by angular rate sensor or accelerometer pulse quantization
becomes low enough, the Kalman filter estimated heading develops
noticeable transient error oscillations that can be large and lengthy
enough to prohibit satisfactory convergencein the allocated align-
ment time. The expected performance effect can be predicted using
Egs. (33-35) for error propagation between Kalman updates, with
the quantization error terms in question treated as cyclic sawtooth
patterns. If the resulting heading error is unacceptable, it may be
possibleto reduce the quantizationerror using appropriate compen-
sation techniques such as discussed next.

True
Attitude

Attitude Computed
With Quantized
Sensor Data

Quantization

TS

- Time

Fig.4 Attitude computed with quantized sensor data under constant
angular rate.
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Compensating for Sensor Pulse Quantization Error

Various methods have been used for reducing sensor pulse quan-
tization error in inertial navigation systems. Fundamentally, if it
is possible, the associated pulse size should be reduced. Alter-
natively, in some sensors, the integrated sensor input since the
last pulse output (i.e., the pulse count “residual”) can be mea-
sured electronically and used to correct the pulse count (Ref. 4,
pp. 8-29-8-31). For such an implementation, the effective pulse
size is reduced to the error in measuring the residual (e.g., 5% of
the uncompensated pulse). A variation on this approach is to ap-
proximate the residual as the uncompensated pulse size multiplied
by the ratio of a high-frequency clock count since the last pulse di-
vided by the clock countbetween the last and previous pulse (Ref. 4,
p. 8-29). The effective pulse size is thereby reduced by the recip-
rocal of the clock count between pulses. The latter technique is
implicitly based on constant sensor input between pulses and loses
its effectiveness when the time between pulses becomes long and
random variations in sensor inputs are present. Each of the preced-
ing approachesrequires additional electronic elements in the sensor
assembly.

A direct approach for overcoming the effect of low-frequency
pulse quantization error is to assure that the output pulse rate from
the sensors remains reasonably high, even under low sensor input
conditions. The result is that the random quantization error model
assumption remains valid under all conditions. This can be accom-
plished by providing an artificial electrical bias input to the sensor
(if the design permits) or a mechanical bias. For each method, the
bias can be constantor oscillatory with randomness added if neces-
sary to ensure pulse count to count randomness. Means must then
be provided for subtracting the bias from the sensor output before it
is used in the navigation computations. For an oscillating bias, the
error in removal can be included as part of the quantization error
model.? An interestingapplicationof the mechanical method is pro-
videdin the case of mechanically dithered RLGs whereby each gyro
block is angularly vibrated at high frequency relative to the sensor
assembly to avoid lock-in [Refs. 3 and 10, (p. 331)]. The resulting
gyro dither motion also imparts a backreaction torque into the sen-
sor assembly, which sets up a linear vibration of the accelerometers.
The net result is that all sensors experience oscillatory inputs that
generate randomness in resulting pulse count samples.

Conclusions

Inertial sensor quantization error generally is a minor contrib-
utor to attitude/velocity/position and initial heading determination
inaccuracy in a strapdown INS. However, mismodeling of quanti-
zation error effects can resultin erroneously large estimates of their
impact on INS performance. Unlike other sensor error sources, the
magnitude of the quantization effect on system accuracy depends
on the inertial system attitude/velocity/position computationupdate
frequencies.In general, for proper quantizationmodeling, the higher
the frequency, the smaller is the effect of quantization error. Mis-
modeling can falsely lead to the opposite conclusion, that is, higher
update frequencies increasing quantization error contributions. For
two-speed updating algorithms, the high-speed computation rate
for coning, sculling, and scrolling is the determining frequency for
quantizationerror modeling. Under low-frequencysensorinputcon-
ditions, the assumption of randomness in sensor pulse quantization
modeling deteriorates, and particular application-dependent mod-
els (e.g., cyclic sawtooth patterns) must be used for proper error
characterization.The resulting effect on navigation accuracy can be
analyzed using the differential error propagation equations derived
in the paper with appropriate deterministic models for the quantiza-
tion error terms. Several compensation techniques are available for
potentially reducing pulse quantization error if necessary to meet
system accuracy requirements.

Appendix: Two-Speed vs Single-Speed
Attitude Algorithm Response to Sensor Error
This Appendix provides a rigorous proof that the response of a
two-speed attitude updating algorithm to angular rate sensor error
is the same as that for a single-speed updating algorithm operating
at the same update rate as the high-speed portion of the two-speed

algorithm. By extension, this Appendix also shows that, for a two-
speedupdatingalgorithm(usinglow and highupdatingfrequencies),
sensor error effects that are update frequency dependent (such as
quantizationerror) will be a functionofonly the high-speedupdating
frequency.

For a two-speed attitude updating algorithm [Refs. 4 (pp. 7-5-
7-15), 5, 11, 12, and 14], let us define the basic C}, attitude update
to be performed at a j cycle rate with B; defined as the orientation
of the B frame at the j cycle time. Attitude is computed at the j rate
as

Bj_
Cp, =Cp  Cyl (A1)
The C /=1 matrix is calculated using a simplified high-speed inte-
grat1on algorlthm over the j — 1 to j cycle times. For this analysis,
we will use the / index to represent the high-speed algorithm updat-
ing rate between j — 1 and j.

From an analytical standpoint, the form of the high-speedintegra-
tion algorithm is arbitrary so long as it is analytically correct (i.e.,
the analytical approximation error is negligible compared to inac-
curacy generated from angular rate sensor input errors). Because of
its simplified derivative form over small angle rotations, the attitude
parameter selected for the high-speed integration is usually a rota-
tion vector, which is then converted to C,[:]’ ~! atthe j update time for
use in Eq. (A1). For expediencyin this analysis, we will assume that
the high-speedalgorithm integrationparameter is a directioncosine
matrix so that the integrated result at time j is C ,[:]’ ~! directly. From
an error analysis standpoint, it should be clear that either approach
provides the same error effect in the CB ' matrix. Based on this
rationale then, we multiply Eq. (7) on theleftby the constant C,”’ ™'
to find for the derivative form of the high-speed update operatlon

Cy =0y (wPx) (A2)

When an initial value of identity is used, integrating Eq. (A2) from
the j — 1 to j cycle times using a high-speed integration algorithm
provides C,'~' for Eq. (A1),

We will now analyze the effect of angular rate sensor error on
the described two-speed attitude updating process compared with
the single-speed attitude updating concept descrlbed in the body
of the paper. First, we addressthe rotationangle error ¢®/ - inC Vi
caused by angular rate sensor error. Following the same procedure
that led to Eq. (49), we begin as in Egs. (13) and (14):

B

Cy 7 =—(@P01c, T 8C,T = =P c, !

(A3)

As in Eq. (36), a high-speed/ cycle algorithm will be used to inte-
grate Eq. (A2):

C, l=cy e (A4)

Then, as in Eq. (49), the C[[:’ ~!error ¢% - propagatesin Eq. (A4)
from/ —1to!/ as

Bj_i

¢ = ¢[ - 1;, 150([ (AS)

The cumulative effect of Eq. (A5) at cycle j is

oy = Y (B =) == Y b (A6)

all I from all [ from
j—1toj j—1tj

Equation (A6) defines the errorqb "/~ in C Vi ' caused by angular
rate sensor error. Now let us look and see how it effects the error in
C,’i throughEq. (A1). The errorin C 1s the differentialof Eq. (A1),
which with Eq. (A3) atcycle j is

B

8Cy, =38Cy Cylm ' +Cy ac,,;*‘

B

= 5C113,,]C13:7] - Cll;,,l (¢

Bj_i
J

x)Cy ! (A7)

J
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Using Eq. (14) in Eq. (A7) finds the equivalent in terms of the 1/;_;.
error in CA’,’;]:
B

—(’L/J_;.X)C[';] = _("/’_;'—IX)CII;,,ICBTI

B Bj_i

_Cllz,,l(gbjklx)clz, = _(w_;—lx)cllz,

B Bj_i

- Cllgz—l ((’b/ T X)CB/ (AS)

Multiplying on the right by C,B’ then obtains

Bj_i B B

(wix) = (¥} x)+Cp (o) ' x)Cy ' C,

J

B Bj_i

(- x) +Cp,_, (o7 'x)c,

(! =) +[(cs, 07 ")x] (A9)

or
Y= +Cp b (A10)

When Eq. (A6) is substituted for ¢f’ -

W=l =Ch Y s

all I from
j—1to j

=¢l_ = > Ch sy (A11)

all [ from
j—11t j

The cumulative effect when j equals some cycle time k is

HES Z (1/’17 _w.lffl) =" Z Z C’[:/:l]aa’

all j to all j to all [ from
cycle k cycle k j—1tj
_ 1
=- > Ch by (A12)
all [ to

cycle k

Now considerwhat the 1/;1, errorin é,’; would be for a single-speed
integration algorithm operating at the high-speed ! cycle rate. The
answer has already been derived as Eq. (49) for which we can write
for the cumulative effect at cycle k:

Pl=Y (vl —wl )=-) Ch s (A3

all [ to all [ to
cycle k cycle k

Equations (A12) and (A13) are identical. Thus, we see that for the
two-speed attitude algorithm, inaccuracy caused by sensor error is

identical to that of a single-speed algorithm operating at the two-
speed algorithm high-speed computationrate (i.e., the [ cycle rate).
This finding can be extrapolated to analytical results in the main
body of the paper derived from Eq. (49), for example, Eq. (66) with
Eq. (71), which have frequency f; dependent quantization error
terms. Hence, for the two-speed attitude algorithm, Egs. (66) with
Eq. (71) also apply with f; correspondingto the high-speed! cycle
update frequency, not the lower speed j cycle update frequency.
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