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Analytical Modeling of Sensor Quantization in Strapdown
Inertial Navigation Error Equations

Paul G. Savage
Strapdown Associates, Inc., Maple Plain, Minnesota 55359

Although generally not considered a major contributor to system inaccuracy, inertial sensor quantization er-
ror, if not properly modeled, can lead to erroneously large estimates of its impact on inertial navigation system
performance. Analytical methods are described for modeling inertial sensor quantization in strapdown inertial
system error parameter propagation and measurement equations. Error propagation equations are derived in
classical differential error state dynamic and discrete difference format. It is shown how the attitude, velocity, and
sensor error parameters in these equations must be modi� ed to enable proper sensor quantization error modeling
as white noise and to account for differences in attitude, velocity, and position update frequencies. The discrete
difference error equation form is used to develop values for attitude/velocity measurement noise covariances and
for spectral densities of white quantization noise terms in the differential error propagation equations. A general
discussion is included of how quantization white noise spectral densities should be computed for the differential
error propagation equations for compatibility with two-speed attitude, velocity, and position updating algorithms.
Validity limits for white noise modeling approximationsand methodsfor reducing quantizationnoise are discussed.
Numerical examples are provided.

Nomenclature
A = error state dynamic matrix
aB

sf; a I
sf = sensor assembly speci� c force acceleration

vector in B and I frame coordinates (i.e.,
total acceleration minus gravity, the
acceleration sensed by accelerometers
in the B frame)

B = body coordinate frame aligned with
strapdown sensor assembly axes at a
general time

B. / = frame B orientation (relative to the I
frame) at computer cycle time ( )

C [ ]
. / = direction cosine matrix that transforms

vectors from coordinate frame ( )
to coordinate frame [ ]

( ) = expected value operator
fl , fm , fn = frequencies for the l, m, and n attitude,

velocity, and position computer
update cycles

G P = process noise dynamic coupling matrix
g I = Earth’s mass attraction gravity vector

projected on I frame axes
I = identity matrix
I = inertially nonrotating coordinate frame
j = computer cycle time index for low-speed

portion of two-speed attitude updating
algorithm
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l = general computer cycle time index;
computer cycle time index for single-speed
attitude updating algorithm; computer cycle
time index for high-speed portion of
two-speed attitude updating algorithm

m, n = computer cycle time indices for velocity
and position updating

nP = vector of independentwhite process noise
components

Q®Ã ; Q®Ãv = white noise spectral density matrices
associated with ±®Ãquant

and ±®Ãvquant

QÀ R ; QÀvR = white noise spectral density matrices
associated with ±ÀRquant and ±ÀvRquant

RI = position vector from Earth’s center to the
navigation system projected on
I frame axes

r = ratio of the l cycle attitude update
frequency over the m cycle velocity update
frequency (assuming that l cycle frequency
is an integer multiple of the m cycle
frequency)

s = ratio of the m cycle velocity update
frequency over the n cycle position update
frequency (assuming that m cycle
frequency is an integer multiple of the n
cycle frequency)
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u®quant = variance about the mean of the angular rate
sensor pulse quantizationnoise uncertainty;
identical to .Â 2

® / D "2
®=12

VM® ; VMÀ = covariances of the Â® and ÂÀ

attitude/velocity quantizationmeasurement
noise vectors

v I = velocity (rate of change of the position
vector R) relative to nonrotating inertial
space (i.e., the I frame) as projected
on I frame axes

x = error state vector
®l = integrated angular rate from time l ¡ 1 to l
1tl ; 1tm; 1tn = time intervals for the l, m , and n attitude,

velocity, and position computer update
cycles

1Ã I¤
l ; 1Ã I¤

m = change in Ã I¤ over an l and m cycle
±. / = error in ( )
±aquant = accelerometer output quantization

random error vector
±arand = accelerometer output white noise error

vector (integral known as random walk
on velocity)

±aB
sf = accelerometer output error vector

in B frame coordinates
±aB¤

sf = ±aB
sf exclusive of accelerometer

quantization error
±Kscal/mis = angular rate sensor output

scale-factor/misalignment error matrix
±Kbias = angular rate sensor output bias error vector
±L scal/mis = accelerometer output

scale-factor/misalignment error matrix
±Lbias = accelerometer output bias error vector
±RI

. / = ±RI at computer cycle ( )
±vI

. /, ±v I¤
. / = ±v I , ±vI¤ at computer cycle ( )

±vI¤ = revised form of ±vI that neglects the
instantaneousC I

B ±Àquant part of the ±vI

quantization error [from Eq. (34),
parameter still contains accelerometer
quantization error input under applied
angular rates]

±®quantl = angular rate sensor integrated rate
increment quantization error for computer
cycle l

±®l = de� ned by Eq. (46)
±®¤

l = ±®l exclusive of sensor quantization error
±®quant = angular rate sensor white noise

quantization error associated with the
integral of angular rate sensor outputs

±®quantl = quantization error vector
contribution to ±®l

±®Ãquant ; ±®Ãvquant = white quantizationnoise vector equivalents
to ³®Ãm and Â®Ãvm

±Àm = de� ned by Eq. (42)
±À¤

m = ±Àm exclusive of sensor quantization error
±Àquant = accelerometer white noise quantization

error associated with the integral
of accelerometer outputs

±Àquantm = quantization error vector contribution
to ±Àm

±Àvquant ; ±ÀvRquant = independent accelerometer white noise
quantizationnoise vectors equivalent
to ±®Ãquant and ±®Ãvquant for angular
rate sensors

±!quant = angular rate sensor output quantization
random error vector

±!rand = angular rate sensor output white noise error
vector (integral known as random walk on
attitude)

±!B = angular rate sensor output error vector
in B frame coordinates

±!B¤ = ±!B exclusive of angular rate sensor
quantization error

"® = angular rate sensor output pulse size
"À = accelerometer output pulse size
³®Ãm = cumulative angular rate sensor pulse

quantization error over an m cycle
(exclusive of the Â®Ãvm error), which
appears only in the attitude error equation

»®l = instantaneousangular rate sensor
quantization error at computer cycle l

ÁB j ¡ 1
j ; Á

B j ¡ 1

l = ÁB j ¡ 1 at computer cycles j and l
ÁB j ¡ 1 = misalignment error angle vector

associated with OC B j ¡ 1

B in B j ¡ 1 frame
coordinates, considering the B j ¡ 1 frame
to be misaligned relative to the B frame

Â®l = instantaneousangular rate sensor random
quantization error at cycle l having a value
between ¡"®=2 and C"®=2 with equal
probability (i.e., uniformly distributed)

Â®l
; ÂÀm = angular rate sensor and accelerometer

quantization error vectors at update
times l and m

Â®Ãvm = angular rate sensor pulse quantization error
that occurs once each m cycle in both the
attitude and velocity error equations

Ã I = misalignment error angle vector
associated with OC I

B in I frame coordinates,
considering the I frame to be misaligned
relative to the B frame

Ã I¤ = revised form of Ã I that neglects the
instantaneousC I

B ±®quant part of the Ã I

quantization error [from Eq. (28),
parameter still contains cumulative angular
rate sensor quantization error effects under
applied angular rates]

Ã I
. /; Ã I¤

. / = Ã I ; Ã I¤ at computer cycle ( )
!B = sensor assembly angular rate vector

relative to nonrotating inertial space as
projected on B frame axes (i.e., angular rate
sensed by strapdown angular rate sensors)

. /£ = skew symmetric cross-product
form of the ( ) vector,5;6

(O) = value for ( ) calculated in the strapdown
system computer error; parameter without
caret is considered nominal error free value

Introduction

I N many strapdowninertialnavigationsystems, the inertialsensor
outputs (from angular rate sensorsand accelerometers) represent

integrated samples of the sensor inputs over each system computer
navigation parameter update cycle. In practice, this is achieved by
counting output pulses from the sensors during each update cycle.
Each sensorpulse representsthe occurrenceof a speci� ed increment
of integratedsensor input.One can imagine the attitude and velocity
parameters in the strapdown computer being generated as a repet-
itive summing operation on the sensor count samples. For perfect
inertial sensors, the complete integrals, that is, attitude and velocity,
so generated will be correct, but only to within a pulse because the
instantaneouspulse output will, in general, not occur exactly at the
computer sample time instant. The associated error effect is called
pulse quantization.

Integrationalgorithmsin the strapdowncomputerprocessthe sen-
sor outputs to continuouslycalculateattitude, velocity, and position
navigation parameters. Because of errors in the sensor outputs, the
navigation parameters develop error buildup with time. Error equa-
tions associated with strapdown inertial systems generally describe
navigation parameter error propagation characteristics in response
to initial uncertainties and inertial sensor errors. Typical sensor er-
ror models have included scale factor, misalignment, bias errors,
and sensor-induced random output noise, with the random noise
modeled as white process noise such that its integral gives rise to
a “random walk” (i.e., random walk on attitude for angular rate
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sensors and random walk on velocity for accelerometers). Sensor
quantization represents an additional random error source that usu-
ally has less impact on system inaccuracy than the random-walk-
type noise. As such, it is often neglected altogether1¡3 or included
as part of random walk noise. For incremental integrating sensors
such as described earlier, the latter random walk modeling approx-
imation is incorrect and can lead to erroneously large growth rates
in system error parameter propagation equations.

This paper develops an analyticalmodel for inertial sensor quan-
tization noise and how it can be properly represented in strapdown
inertial system attitude, velocity, and position error equations. The
model is useful for assessing the magnitude of quantization noise-
induced system error and if signi� cant, how to include it in system
navigationparametererrorpropagationandmeasurementequations.
System error propagationmodels are developedboth as continuous
form differentialequationsand as discretedifferenceequations.For
each, it is shown how the attitude, velocity, and sensor error para-
meters must be modi� ed to enable proper quantization error mod-
eling as white noise for compatibility with standard error state dy-
namic equation formatting.

The discrete form system error propagation model is used to
develop analytical expressions for attitude/velocity measurement
quantization noise covariances and for spectral densities of white
quantizationnoise terms in the differential error propagation equa-
tions. These include correlations that exist between attitude and
velocity errors from angular rate sensor quantization noise inputs,
and between velocity and position error from accelerometer quan-
tization noise inputs. The discrete difference form also reveals that
the continuous form error propagation equation derivation implic-
itly assumed equal attitude, velocity, and positionparameter update
frequencies in the strapdownsystem computer, and how the contin-
uous form error equations should be modi� ed for the general case
of different navigation parameter update frequencies.

A general discussionis providedof how quantizationwhite noise
spectral densities should be computed for compatibility with two-
speedattitude,velocity,andpositionupdatingalgorithms.The paper
includes examples illustrating the computation of numerical values
for quantizationnoise effects and how incorrect modeling can lead
to signi� cant mischaracterizationof the effect of quantizationnoise
on systemaccuracy.Validity regionsare discussedregardingmodel-
ing quantizationerror as random noise. Finally, compensation tech-
niques are described for reducing quantization error if necessary to
meet system accuracy requirements.

The material presented in this paper is a composite and extension
of material originally presented in Ref. 4.

Sensor Quantization Error Model
An analytical model for quantization error can be developed

(Ref. 4, pp. 18-119–18-120) by considering how integrated sen-
sor output increments are formed as the summing of pulses in the
system computer from the end of navigationparameter updatecycle
l ¡ 1 to the end of cycle l. Imagine a situation in which the pulse
count from the l ¡ 1 cycle time happened to begin instantaneously
after a pulse was emitted (“start” pulse). For an angular rate sensor,
the pulse count from this time forward would be a true indication
of integrated angular rate (i.e., attitude change) at any instant that
a pulse has been received and counted. Now consider that the l ¡ 1
cycle time pulse count is initiated a small time interval before the
start pulse, in which the small time interval is less than the local
time interval between pulses (Fig. 1). The � rst pulse that is counted
(i.e., the start pulse) will be in error (a quantization error) because
it is registered as a full pulse when in fact the time period for the
count was less than a full pulse period. The maximum error under
this conditionoccurs when a pulse is received (and counted) instan-
taneouslyafter the l ¡ 1 time instantand will equal one pulse.Thus,
the quantization error introduced at l ¡ 1 can range in magnitude
from zero to one pulse with a mean value of half a pulse (for a
uniform statistical quantization error distribution). The sign of the
quantization error will be the sign of the instantaneous pulse rate
(positive or negative). The pulse count from this point forward will
add no additional quantization error until the l cycle is reached to
halt the incremental count.

Fig. 1 Start of pulse count sampling.

Fig. 2 End of pulse count sampling.

If the count is halted at a � nite time interval following a pulse
occurrence (“end” pulse), the pulse count at l will experience an
additional quantization error because the integrated angular rate
since the end pulse has not been registered in the count (Fig. 2).
The error will be maximum at one pulse magnitude if the count is
halted at the instant before receipt of the next pulse. Thus, the added
quantizationerror at l will be in the range of zero to minus one pulse
with a mean value of minus half a pulse. The sign of the error in this
case will be the negative of the instantaneouspulse rate at l.

The preceding discussion is the basis for the following angular
rate sensor pulse count quantization error model:

±®quantl D »®l ¡ »®l ¡ 1 ; »®l D ."®=2/ sign.®l/ C Â®l
(1)

We assume that, for the most part, ±®quantl will have the same sign
at cycle l ¡ 1 and l so that Eqs. (1) when combined yield

±®quantl D Â®l ¡ Â®l ¡ 1 (2)

From Eq. (2), we see that the cumulative error in the sum of the
angular rate sensor incremental pulse count increments (i.e., the
error in the integrated angular rate) is given by

LX

l D 1

±®quantl D Â®L ¡ Â®1
(3)

The Â®1 term in Eq. (3) can be consideredto be an initializationerror
on the integratedangular rate; the Â®L term is a random error on the
integratedrate at cycle time L . Thus, Eq. (3) shows that quantization
noise can be modeled as random noise on the integrated inertial
sensor output signal.

Strapdown Sensor Generic Error Models
Strapdown inertial sensor errors can be represented by the fol-

lowing vector forms (Ref. 4, pp. 12-110, 12-111):

±!B D ±Kscal/mis !
B C ±Kbias C ±! rand C ±!quant (4)

±aB
sf D ±L scal/mis aB

sf C ±Lbias C ±arand C ±aquant (5)

The ±!quant and ±aquant quantization error terms in Eqs. (4) and
(5) represent random errors on the direct (not integrated) sensor
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outputs. The discussion in the preceding section showed that quan-
tization error can be accuratelymodeled as a white uniformrandom
error process on each integrated sensor output. Hence, ±!quant and
±aquant represent the time derivative of the white random quantiza-
tion error process associated with the integrated output. Because
a white uniform random process on the integrated sensor outputs
is easily de� ned mathematically, it is expeditious to substitute for
±!quant and ±aquant (Ref. 4, p. 12-113):

±!quant D ± P®quant; ±aquant D ± PÀquant (6)

Strapdown Inertial Navigation Differential Equations
To analyze how quantization noise is properly modeled in typ-

ical strapdown inertial navigation systems we will study its effect
on a representative set of the differential equations implemented
by integration algorithms in the system computer. To simplify the
analysis, the equations will be written for a nonrotating “inertial”
coordinate frame with position location represented as a position
vector, in contrast with more traditional but analytically equivalent
methods in which equations are written in a locally level rotating
coordinate frame (e.g., wander azimuth) and position location is
represented by altitude and angular location over the Earth’s sur-
face (Ref. 4, pp. 4-3–4-8, 4-10–4-14, and 4-16–4-20). Error mod-
eling methods to be presented are comparable for either coordinate
frame approach. With the use of Refs. 4 (pp. 12-21–12-23), 5, 6,
and 7 (pp. 16, 17) as guides, we write the strapdown navigation
equations as

PC I
B D C I

B .!B £/ (7)

PvI D C I
B aB

sf C g I (8)

PRI D vI (9)

Strapdown Inertial Navigation Differential Error
Propagation Equations

The error rate equations associated with Eqs. (7–9) are obtained
from their differential (Ref. 4, pp. 12-65–12-70):

± PC I
B D ±C I

B.!B £/ C C I
B .±!B £/ (10)

±Pv I D ±C I
B aB

sf C C I
B ±aB

sf C ±g I (11)

± PRI D ±vI (12)

We assume that through proper software design practices, there
will be no signi� cant orthogonality or normality errors in the sys-
tem computed value of C I

B . Then the error in computed C I
B can be

attributed entirely to misalignment, which we characterize in tradi-
tional fashion [Refs. 4 (pp. 3-78–3-79) and 7 (p. 164)] as

OC I
B D [I ¡ .Ã I £/]C I

B (13)

Using the de� nition for ±C I
B and substituting (13) then � nds

±C I
B ´ OC I

B ¡ C I
B D ¡.Ã I £/C I

B (14)

The derivative of Eq. (14) with Eq. (7) is

± PC I
B D ¡. PÃ I £/C I

B ¡.Ã I £/ PC I
B D ¡. PÃ I £/C I

B ¡.Ã I £/C I
B .!B £/

(15)

Substituting Eqs. (14) and (15) in Eq. (10) obtains, with
rearrangement,

. PÃ I £/ D ¡C I
B .±!B £/

¡
C I

B

¢T D ¡
£¡

C I
B ±!B

¢
£

¤
(16)

or equivalently,

PÃ I D ¡C I
B±!B (17)

Finally, we substitute Eqs. (4–6) for ±!B and ±aB
sf in Eqs. (17) and

(11), substitute Eq. (14) for ±C I
B in the revised ±Pv I equation, rec-

ognize that .Ã I £/C I
BaB

sf D Ã I £ aI
sf D ¡a I

sf £ Ã I , and with Eq. (12)
summarize results:

PÃ I D ¡C I
B

¡
±Kscal/mis !

B C ±Kbias C ±!rand C ± P®quant

¢
(18)

± PvI D aI
sf £ Ã I

C C I
B

¡
±L scal/mis aB

sf C ±Lbias C ±arand C ± PÀquant

¢
C ±g I (19)

± PRI D ±vI (20)

Equations (18–20) constitute the error form of strapdown iner-
tial equations (7–9) in which the noise terms (rand and quant sub-
scripted) are modeled as white noise. A fundamental problem ex-
ists with these equations if they are to be used for classical error
state vector formulations; quantization noise terms appear as their
derivativeswhich is incompatiblewith standarderror state dynamic
equation format [Refs. 4 (p. 15-2), 8, and 9]:

Px D Ax C GP nP (21)

The following section shows how Eqs. (18–20) can be modi� ed into
the standard Eq. (21) format.

Error Equation Revisions to Enhance
Quantization Noise Modeling

We begin by revising attitude error equation (18) as follows
(Ref. 4, pp. 12-113–12-115):

PÃ I C C I
B ± P®quant D ¡C I

B

¡
±Kscal/mis !

B C ±Kbias C ±!rand

¢
(22)

and note that

C I
B± P®quant D d

dt

¡
C I

B±®quant

¢
¡ PC I

B±®quant (23)

so that Eq. (22) is equivalently

d

dt

¡
Ã I C C I

B ±®quant

¢

D ¡C I
B

¡
±Kscal/mis!

B
IB C ±Kbias C ±!rand

¢
C PC I

B ±®quant (24)

The form of Eq. (24) suggests the de� nition of revised attitude
and angular rate sensor error parameters:

Ã I¤ ´ Ã I C C I
B ±®quant (25)

±!B¤ ´ ±Kscal/mis !
B
IB C ±Kbias C ±!rand (26)

The converse of Eq. (24) will also be useful,

Ã I D Ã I¤ ¡ C I
B ±®quant (27)

Substituting Eqs. (25) and (26) in Eq. (24) with Eq. (7) for PC I
B then

yields the � nal form:

PÃ I¤ D ¡C I
B ±! B¤ C C I

B .!B £/±®quant (28)

The identical procedure is applied to the velocity and accelero-
meter error terms in Eq. (19), namely,

±v I¤ ´ ±vI ¡ C I
B ±Àquant (29)

±aB¤
sf ´ ±L scal/mis aB

sf C ±Lbias C ±arand (30)

±v I D ±vI¤ C C I
B ±Àquant (31)

The derivative of Eq. (29) is

±Pv I¤ D ± PvI ¡ PC I
B ±Àquant ¡ C I

B ± PÀquant (32)
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In Eq. (32), we then substitute Eq. (19) for ± PvI and Eq. (7) for PC I
B ;

in the result, substitute Eq. (27) for Ã I ; recognize that
¡
aI

sf £
¢
C I

B ±®quant D C I
B

¡
C I

B

¢T ¡
aI

sf £
¢
C I

B ±®quant

D C I
B

¡
aB

sf £
¢
±®quant

and apply the equation (30) ±aB¤
sf accelerometer error de� nition.

Last, we substituteEq. (31) for ±v I in the equation (20) ± PRI expres-
sion, and with Eq. (28), summarize results:

PÃ I¤ D ¡C I
B ±! B¤ C C I

B .!B £/±®quant (33)

± PvI¤ D aI
sf £ Ã I¤ C C I

B ±aB¤
sf C ±gI

¡ C I
B

¡
aB

sf £
¢
±®quant ¡ C I

B .!B £/±Àquant (34)

± PRI D ±vI¤ C C I
B ±Àquant (35)

Equations(33–35) with Eqs. (26), (27), (30), and (31) constitutea
completeconsistentset for the new (and old) variablesÃ I¤ , Ã I , ±v I¤ ,
±vI , and ±RI . Propagation equations (33–35) only contain direct
white noise terms, that is, no white noise derivatives, hence, are
compatible with the standard Eq. (21) format. These equations can
be used in place of navigation error equations (18–20) for the Ã I ,
±vI , and ±RI error parameters.

Recognizethat althoughEqs. (33–35)were con� guredto enhance
white noise modeling of sensor quantizationerrors, their derivation
never explicitly assumed that quantization error was white noise.
Consequently, these equations are general and equally valid for any
representation of quantization error that may exist under particular
sensor input situations. This point will be discussed further at the
end of the paper.

When Eqs. (27), (31), and (33–35) quantization errors are mod-
eled as white noise, their numerical characterization is classically
described in terms of statistical covariances or white noise spec-
tral densities. To relate the noise values to the sensor quantization
noise model (see “Sensor Quantization Error Model” section) we
will need the equivalent discrete difference form of Eqs. (33–35) as
derived in the next section.

Equivalent Discrete Difference Error Equation Forms
The discrete difference equivalent to differential equations (7–9)

at the attitude, velocity, and position updating algorithm computer
cycle times is

C I
Bl

D C I
Bl ¡ 1

C Bl ¡ 1
Bl

(36)

vI
m D v I

m ¡ 1 C C I
Bm ¡ 1

Z tm

tm ¡ 1

C Bm ¡ 1
B aB

sf dt C gI
m 1tm (37)

RI
n D RI

n ¡ 1 C vI
n ¡ 11tn C

Z tn

tn ¡ 1

¡
vI ¡ v I

n ¡ 1

¢
dt (38)

Figure 3 illustrates a typical timing relationship between the
Eq. (36–38) attitude, velocity, and position update cycles.

When it is assumed that the computer update rate is fast enough
that B frame orientations between times m ¡ 1 and m are close to
one another, the error form (differential) of Eqs. (36–38) is

±C I
Bl

D ±C I
Bl ¡ 1

C Bl ¡ 1
Bl

C C I
Bl ¡ 1

±C Bl ¡ 1
Bl

(39)

Fig. 3 Computation timing cycle pulses.

±vI
m D ±v I

m ¡ 1 C ±C I
Bm ¡ 1

Z tm

tm ¡ 1

C Bm ¡ 1
B aB

sf dt

C C I
Bm ¡ 1

±

³Z tm

tm ¡ 1

C Bm ¡ 1
B aB

sf dt

´
C ±g I

m1tm ¼ ±vI
m ¡ 1

C ±C I
Bm ¡ 1

Z tm

tm ¡ 1

aB
sf dt C C I

Bm ¡ 1
±

³Z tm

tm ¡ 1

aB
sf dt

´
C ±gI

m 1tm

D ±vI
m ¡ 1 C ±C I

Bm ¡ 1
Àm C C I

Bm ¡ 1
±Àm C ±g I

m1tm (40)

±RI
n D ±RI

n ¡ 1 C ±vI
n ¡ 11tn C

Z tn

tn ¡ 1

±
¡
v I ¡ vI

n ¡ 1

¢
dt

¼ ±RI
n ¡ 1 C ±v I

n ¡ 11tn (41)

with

Àm ´
Z tm

tm ¡ 1

aB
sf dt; ±Àm D

Z tm

tm ¡ 1

±aB
sf dt (42)

Substituting Eq. (14) in Eqs. (39) and (40) � nds

¡
¡
Ã I

l £
¢
C I

Bl
D ¡

¡
Ã I

l ¡ 1£
¢
C I

Bl ¡ 1
C Bl ¡ 1

Bl
C C I

Bl ¡ 1
±C Bl ¡ 1

Bl

D ¡
¡
Ã I

l ¡ 1£
¢
C I

Bl
C C I

Bl ¡ 1
±C Bl ¡ 1

Bl
(43)

±vI
m D ±vI

m ¡ 1 C
¡
C I

Bm ¡ 1
Àm

¢
£ Ã I

m ¡ 1 C C I
Bm ¡ 1

±Àm C ±gI
m 1tm (44)

In traditional fashion [Refs. 4 (p. 7-37) and 10 (p. 351)], we
approximate

C Bl ¡ 1
Bl

¼ I C .®l £/; ±C Bl ¡ 1
Bl

D .±®l £/ (45)

with

®l ´
Z tl

tl ¡ 1

!B dt; ±®l D
Z tl

tl ¡ 1

±!B dt (46)

Multiplying Eq. (43) on the right by ¡.C I
Bl

/T and substituting
Eq. (45) then obtains
¡
Ã I

l £
¢

¼
¡
Ã I

l ¡ 1£
¢

¡ C I
Bl ¡ 1

.±®l £/
¡
C I

Bl ¡ 1

¢T

D
¡
Ã I

l ¡ 1 £
¢

¡
£¡

C I
Bl ¡ 1

±®l

¢
£

¤
(47)

or

Ã I
l D Ã I

l ¡ 1 ¡ C I
Bl ¡ 1

±®l (48)

Equations (48), (44), and (41) (summarized next) represent
discrete difference equivalents to differential error propagation
equations (18–20):

Ã I
l D Ã I

l ¡ 1 ¡ C I
Bl ¡ 1

±®l (49)

±v I
m D ±vI

m ¡ 1 C
¡
C I

Bm ¡ 1
Àm

¢
£ Ã I

m ¡ 1 C C I
Bm ¡ 1

±Àm C ±gI
m 1tm

(50)

±RI
n D ±RI

n ¡ 1 C ±vI
n ¡ 11tn (51)

Focusing on the angular rate sensor quantizationerror portion of
±®l and ±Àm , we de� ne

±®l D ±®¤
l C ±®quantl ; ±Àm D ±À¤

m C ±Àquantm (52)

and based on the vector form of the equation (2) quantization error
model for angular rate sensors and accelerometers

±®quantl D Â®l
¡ Â®l ¡ 1

; ±Àquantm D ÂÀm
¡ ÂÀm ¡ 1

(53)
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We also de� ne, as in Eqs. (25), (27), (29), and (31),

Ã I¤

l ´ Ã I
l C C I

Bl ¡ 1
Â®l

; ±vI¤
m D ±vI

m ¡ C I
Bm ¡ 1

ÂÀm
(54)

Ã I
l D Ã I¤

l ¡ C I
Bl ¡ 1

Â®l
; ±vI

m D ±v I¤
m C C I

Bm ¡ 1
ÂÀm

(55)

Substituting Eqs. (52), (53), and (55) in Eqs. (49–51) yields

Ã I¤
l D Ã I¤

l ¡ 1 ¡ C I
Bl ¡ 1

±®¤
l C

¡
C I

Bl ¡ 1
¡ C I

Bl ¡ 2

¢
Â®l ¡ 1

(56)

±vI¤
m D ±v I¤

m ¡ 1 C C I
Bm ¡ 1

±À¤
m C

¡
C I

Bm ¡ 1
Àm

¢
£ Ã I¤

m ¡ 1

¡
¡
C I

Bm ¡ 1
Àm

¢
£

¡
C I

Bl D r .m ¡ 1/¡1
Â®m ¡ 1

¢

¡
¡
C I

Bm ¡ 1
¡ C I

Bm ¡ 2

¢
ÂÀm ¡ 1

C ±g I
m1tm (57)

±RI
n D ±RI

n ¡ 1 C ±vI¤
n ¡ 11tn C C I

Bm D s .n ¡ 1/ ¡ 1
ÂÀn ¡ 1

1tn (58)

From Eqs. (36) and (45), we see that

C I
Bl ¡ 1

¡ C I
Bl ¡ 2

D C I
Bl ¡ 2

.®l ¡ 1£/

C I
Bm ¡ 1

¡ C I
Bm ¡ 2

D C I
Bm ¡ 2

.®m ¡ 1£/ (59)

Then, by recognition that
¡
C I

Bm ¡ 1
Àm

¢
£

¡
C I

Bl D r.m ¡ 1/¡1
Â®m ¡ 1

¢

¼ C I
Bm ¡ 1

¡
Àm £ Â®m ¡ 1

¢
D C I

Bm ¡ 1
.Àm £/Â®m ¡ 1

and that C I
Bm D s .n ¡ 1/ ¡ 1

¼ C I
Bn ¡ 1

, Eqs. (56–58) become the following
� nal forms:

Ã I¤
l D Ã I¤

l ¡ 1 ¡ C I
Bl ¡ 1

±®¤
l C C I

Bl ¡ 2
.®l ¡ 1£/Â®l ¡ 1

(60)

±vI¤
m D ±vI¤

m ¡ 1 C C I
Bm ¡ 1

±À¤
m C

¡
C I

Bm ¡ 1
Àm

¢
£ Ã I¤

m ¡ 1 C ±g I
m1tm

¡ C I
Bm ¡ 1

.Àm £/Â®m ¡ 1
¡ C I

Bm¡2
.®m ¡ 1£/ÂÀm ¡ 1

(61)

±RI
n D ±RI

n ¡ 1 C ±vI¤
n ¡ 11tn C C I

Bn¡1
ÂÀn ¡ 1

1tn (62)

Equations (60–62) with Eq. (55) represent discrete equivalents
to continuous form equations (33–35) with Eqs. (27) and (31).
Equations (60–62) are used in the next section to develop revised
versionsofEqs. (33–35) thatproperlyaccountforquantizationnoise
couplingbetweenerror equationsfor differentnavigationparameter
update frequencies.

Revisions to Differential Error Propagation Equations
for Proper Quantization Noise Correlation Modeling
For error statedynamicequationmodeling,we see from Eqs. (33–

35) that angular rate sensor and accelerometer quantization noise
±®quant and ±Àquant appear in the Ã I¤ , ±v I¤ , and ±R error propaga-
tion continuousform differentialequations.Comparing the discrete
differenceform error propagationequations(60–62) with Eqs. (33–

35) shows the equivalency between the ±®quant, ±Àquant continuous
form quantization noise parameters, and the Â® , ÂÀ discrete form
parameters. Note from Eqs. (60) and (61) that the ® quantization
noise terms in the attitude and velocity equations are correlated
when the l and m cycles overlap. From Eqs. (61) and (62), we
see that a similar correlation exists for the À quantization noise
terms in the velocity and position error equations when the m and
n cycles overlap. Proper error state dynamic equation modeling
should include these correlation effects. First considering the ® an-
gular rate sensor quantization error terms in Eqs. (60) and (61),

we write

1Ã I¤
m D

l D rmX

l D r .m ¡ 1/ C 1

1Ã I¤
l D ¢ ¢ ¢ C

l D rmX

l D r.m ¡ 1/ C 1

C I
Bl ¡ 2

.®l ¡ 1£/Â®l ¡ 1

¼ ¢ ¢ ¢ C C I
Bl ¡ 2

¡
!B

l ¡ 1 £
¢
1tl

l D rmX

l D r .m ¡ 1/ C 1

Â®l ¡ 1

¼ ¢ ¢ ¢ C C I
Bm

¡
!B

m £
¢ 1

fl

1tm

1tm

³
Â®m ¡ 1

C
l D rmX

l D r.m ¡ 1/ C 2

Â®l ¡ 1

´

D ¢ ¢ ¢ C
fm

fl
C I

Bm

¡
!B

m £
¢
1tm

¡
Â®Ãvm

C ³®Ã m

¢

1±vI¤
m ¼ ¢ ¢ ¢ ¡ C I

Bm ¡ 1

¡
aB

sfm
£

¢
1tmÂ®Ãvm

(63)

with

Â®Ãvm
´ Â®m ¡ 1

; ³®Ãm
´

l D rmX

l D r.m ¡ 1/ C 2

Â®l ¡ 1
(64)

The equivalent to Eq. (63) on a differential equation basis is the
following:

PÃ I¤ ¼ 1Ã I¤
m

1tm
D ¢ ¢ ¢ C

fm

fl
C I

B .!B £/
¡
±®Ãvquant

C ±®Ãquant

¢

± PvI¤ ¼ 1±vI¤
m

1tm
¼ ¢ ¢ ¢ ¡ C I

B

¡
aB

sf £
¢
±®Ãvquant (65)

Similar results apply for the À accelerometer quantization error
terms in Eqs. (61) and (62) compared with Eqs. (34) and (35). We
then � nd, for the composite,

PÃ I¤ D ¡C I
B ±!B¤ C . fm = fl /C

I
B .!B £/

¡
±®Ãvquant C ±®Ãquant

¢
(66)

± PvI¤ D aI
sf £ Ã I¤ C C I

B±aB¤
sf C ±gI ¡ C I

B

¡
aB

sf £
¢
±®Ãvquant

¡ . fn= fm/C I
B .!B £/

¡
±ÀvRquant C ±Àvquant

¢
(67)

± PRI D ±vI¤ C C I
B ±ÀvRquant (68)

Equations (66–68) with Eqs. (26), (30), and (55) are equivalent
to Eqs. (33–35) with Eqs. (26), (27), (30), and (31) for the general
case when attitude, velocity, and position update frequencies are
different. For the case when the l and m update frequencies are
equal (i.e., r D 1) Eqs. (63) and (64) show that from its de� nition,
³®Ãm is zero; hence, from its de� nition, ±®Ãquant in Eq. (66) is zero.
Similarly, ±Àvquant is zero when the m and n update frequencies are
equal. Thus, for equal l, m, and n update frequencies, Eqs. (66–

68) reduce to Eqs. (33–35). Without realizing it then, the derivation
of Eqs. (33–35) implicitly assumed equal attitude, velocity, and
position update frequencies, which may or may not be the case. In
Ref. 4, pp. 16-33–16-34, this point was missed because the more
rigorous intermediatestep of derivingequivalentdiscretedifference
equationswas not performed.For complete generality,Eqs. (66–68)
with Eqs. (26), (30), and (55) should replace Eqs. (33–35), (26),
(27), (30), and (31) for proper quantizationerror modeling as white
noise.

Setting Numerical Values for Quantization Noise Terms
In this section, we will address the problem of assigning nu-

merical values to Eqs. (66–68) and (55) sensor quantization er-
ror terms for use in measurement and error state dynamic equa-
tion modeling. For either case, the quantization noise model will
be based on the Â-type sensor quantization noise parameter (see
“Sensor Quantization Error Model” section) representing a zero
mean uniformly distributed quantization error ranging from ¡"=2
to C"=2 in which " is the sensor pulse size. For such a ran-
dom error characteristic, it is easily shown that the variance of
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Â about its zero mean is "2=12. Equations (66–68) numerical noise
models will be based on their equations (60–62) discrete version
equivalents.

For the measurement modeling case, consider situations when
an attitude- or velocity-type measurement is being made such that
the measurement equation(s) include the attitude or velocity error
parameters Ã I and ±vI . From Eq. (55), we see that, in terms of the
revised error parameters Ã I¤ and ±v I¤ , the associated quantization
error terms Â® and ÂÀ will appear as measurement noise in the
measurement equation (with an associated C I

B coef� cient). If we
assume that each angular rate sensor has the same pulse size and
similarly for the accelerometers, the covariances of the associated
quantizationmeasurement noise matrices are

VM®
D

h¡
C I

B Â®

¢¡
C I

B Â®

¢T
i

D C I
B

¡
Â®ÂT

®

¢¡
C I

B

¢T

D C I
B

¡
u®quant I

¢¡
C I

B

¢T D
¡
"2

®

¯
12

¢
I

VMÀ
D

¡
"2

À

¯
12

¢
I (69)

For error state dynamic equation modeling using Eqs. (63) and
(64) compared with Eq. (65), the white noise spectral density ma-
trices associated with ±®Ãvquant and ±®Ãquant can be easily identi� ed
from the average rate of change of the Ã I¤ and ±v I¤ covariances
over an m cycle. Recognizing from their de� nitions that ±®Ãvquant

and ±®Ãquant are independent from one another with independent
components, we � nd

Q®Ãv ¼

h¡
1tmÂ®Ãvm

¢¡
1tm Â®Ãvm

¢T
i

1tm
D

h
Â®m ¡ 1

¡
Â®m ¡ 1

¢T
i
1tm

D I
u®quant

fm
D I

"2
®

12 fm

Q®Ã ¼

h¡
1tm ³®Ãm

¢¡
1tm ³®Ãm

¢T
i

1tm

D

2

4
³

l D rmX

l D r .m ¡ 1/ C 2

Â®l ¡ 1

³́
l D r mX

l D r.m ¡ 1/ C 2

Â®l ¡ 1

T́
3

5 1tm

D I
l D rmX

l D r.m ¡ 1/ C 2

u®quant D I.r ¡ 1/
u®quant

fm
D I

³
fl

fm
¡ 1

´
"2

®

12 fm

(70)

Similar results apply for the À accelerometer quantization error
terms in Eqs. (67) and (68) when comparing with Eqs. (61) and
(62). In summary with Eq. (69), we then � nd the following for the
measurement and process noise terms.

White process noise spectral densities for propagation
equations (66–68) are

Q®Ãv D I
¡
"2

®

¯
12 fm

¢
; Q®Ã D I[ fl= fm ¡ 1]

¡
"2

®

¯
12 fm

¢
(71)

QÀvR D I
¡
"2

À

¯
12 fn

¢
; QÀv D I[ fm= fn ¡ 1]

¡
"2

À

¯
12 fn

¢
(72)

Measurement noise covariances for Eqs. (55) are

VM®
D

¡
"2

®

¯
12

¢
I; VMÀ

D
¡
"2

À

¯
12

¢
I (73)

Application to Two-Speed Computation Algorithms
A � ne point in the precedingdiscussionrelates to values assigned

to the fl , fm , and fn frequency terms in Eqs. (66) and (67) and
Eqs. (71) and (72). These frequenciesrepresentthe rateat whichatti-
tude, velocity, and positionparameters are updated in the strapdown
system computer. However, what if two-speed algorithms [Refs. 4
(pp. 7-1–7-76), 5, 6, 10 (p. 354), and 11–17] are used for parameter
updating? For example, let us say that angular rate sensor data are
processed by a high-speed algorithm to calculate the change in at-
titude (in the form of a rotation vector) over a lower speed attitude

update interval,with the rotationvector then used to update attitude
at the lower rate. Which rate should be used for fl in Eqs. (66) and
(71), the high-speedrate to generate the rotation vector or the lower
speed attitude update rate? The answer is that the rotation vector
computation frequency should be used for fl . The rationale is pro-
vided heuristically next. A rigorous analytical proof is given in the
Appendix.

The analytical theory behind two-speed attitude updating algo-
rithms is that by computing the rotation vector at high speed and
using it to update attitude at a lower speed, the overall accuracy is
equivalent to what would be obtained by updating attitude at the
high-speed rate. The analysis in this paper was based on updating
attitude at a single rate fl . Equivalent accuracy would be obtained
from a two-speed algorithm if the rotation vector was updated at fl

and the rotation vector was then used to update attitude at a lower
rate. Hence, if an intermediate rotation vector is being calculated
to update the attitude solution, the rotation vector computation rate
would be used for fl . With a single-speedalgorithm, the algorithm
input is the integrated angular rate sensor output over the attitude
update cycle period (as in the simpli� ed attitude update algorithm
of this paper). This is equivalent to approximating the rotation vec-
tor calculation for the two-speed algorithm as a simple angular rate
sensor output integral. For this case, the attitude algorithm update
rate would be used for fl .

From a different perspective, attitude change can be analytically
de� ned as the sum of two elements, integrated angular rate plus the
effect of coning motion [Refs. 4 (p. 7-9), 5, 12, and 14–17]. For two-
speed attitude updating algorithms, the rotation vector computation
at high speed accounts for both of these effects, with the integrated
angular rate portion being the dominant term. Based on this inter-
pretation, the preceding paragraph can be restated that, if coning
is included in the rotation vector calculation, the coning algorithm
update rate would be used for fl . If coning is not included,the lower
speed attitude update rate would be used for fl .

Similar reasoning applies for the fm and fn values used for
velocity/position updating. If sculling (in the acceleration trans-
formation portion of velocity updating [Refs. 4 (p. 7–41), 6, 14,
and 17]) or scrolling (for high resolutionposition updating [Refs. 4
(p. 7-62) and 6]) terms are being calculated at a higher rate than the
basic velocity/position update frequencies, the sculling update rate
would be used for fm and the scrolling rate for fn . Otherwise fm

and fn would be set to the velocity/position update frequencies.

Numerical Examples
To illustrate the magnitude of system error effects generated by

sensor quantization noise let us analyze a hypothetical situation in
which the angular rate sensor pulse size "® is 1 arc-s with atti-
tude and velocity updated at 1 kHz ( fl and fm /. When Eqs. (71)
are used, Q®Ã is zero and the amplitude of Q®Ãv is "2

®=.12 fm/ D
8:33E –5 arc-s2s D 1:96E –15 rad2s. Consider how this white noise
spectraldensityfor ±®Ãvquant affects theÃ I¤ attitudeerror in Eq. (66).
Under a 1-rad/s angular rate [!B in Eq. (66)], the amplitude
of the white noise spectral density driving the Ã I¤ covariance
would be . fm= fl/

2j!B j2 Q®Ãvamplitude D 12 £ 12 £ 1:96E –15 rad2/s D
2:31E –8 deg2/h. The equivalent random walk on attitude coef� -
cient is the square root or 1.52E –4 deg/rt-h. For comparison, the
random walk (on attitude) coef� cient for a ring laser gyro (RLG)
in a moderate accuracy aircraft inertial navigation system (INS) is
2E –3 deg/rt-h. Thus, for the numerical example, the quantization
noise effect is comfortably less (by a factor of 13) than the RLG
random walk. Note also from Eq. (66) that under zero angular rate
!B the effect of quantization error on Ã I¤ attitude error is zero.

Now consider that the analyst fails to recognize that angular rate
sensor quantization error should be modeled as the derivative of
white noise [i.e., Eqs. (4) with (6)] and instead, models ±!quant in
Eq. (4) as white noise [i.e., uses ±!quant as white noise in Eq. (18) in
place of ± P®quant]. This is equivalent to treating ±®quantl in Eq. (2) as
having two quantizationerrors (Â®l and Â®l ¡ 1 ) with each ±®quantl be-
ing independent from l cycle to cycle. The corresponding random
walk on attitude white noise spectral density would be 2 fl "

2
®=12.

(Note that the effect increases with update frequency in contrast
with inverse frequency sensitivity for the correct Q®Ãv modeling
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earlier.) With the hypothesized 1-arc-s pulse size and 1-kHz at-
titude update rate, the mismodeling equates to 1.67E2 arc-s2/s D
3.92E –9 rad2/s D 4.63E –2 deg2/h. The correspondingrandomwalk
on attitude coef� cient is the square root or 2.15E –1 deg/rt-h. The
effect is 108 time larger than the hypothesized2E –3 RLG random
walk coef� cient, clearly a serious mismodeling situation. Further-
more, from Eq. (18) (with ±!quant as white noise replacing ± P®quant ),
the random walk buildup on attitude error Ã I is direct and indepen-
dent of angular rate !B .

Consider the effect of Q®Ãv (the white noise spectral density
of ±®Ãvquant ) on velocity error equation (67) under zero angular
rate conditions. Under zero angular rate, Eq. (66) shows zero cou-
pling of ±®Ãvquant into PÃ I¤

, hence, zero coupling of ±®Ãvquant into
±vI¤ in Eq. (67) (through the Ã I¤ term). Quantization does im-
pact ±vI¤ in Eq. (67) through aB

sf coupling. Under a 1-g speci� c
force acceleration aB

sf, the amplitude of the white noise spectral
density driving the ±vI¤ covariance would be jaB

sfj2 Q®Ãvamplitude D
.32:2 fps)2 £ 1:96E –15 rad2/s D 2.03E –12 (fps)2/s. The equiva-
lent random walk on velocity coef� cient is the square root or
1:43E –6 fps/rt-sD 8:55E –5 fps/rt-h, negligiblecompared to the to-
tal velocity error in a moderate performance aircraft INS, which is
on the order of 2 fps for the � rst hour of operation.

Again, consider that the analyst erroneously mismodels quanti-
zation error as white noise, that is, uses ±!quant as white noise in
Eq. (18) in place of ± P®quant. The resulting attitude error Ã I prop-
agates through aB

sf into velocity error equation (19). Reference 4,
p. 13-104, shows that under the hypothesized1-g speci� c force en-
vironment, the velocity error variance response to random walk
on attitude is 1

3
g2t 3q! rand, where q! rand is the random walk on

attitude white noise spectral density, g is gravity magnitude,
and t is time in navigation. For quantization error erroneously
modeled as q! rand with the value given earlier (i.e., 3.92E –9 rad2/s)
the resulting velocity variance increase at one hour would be
1
3

£ 32:22 £ 36003 £ 3:93E –9 D 6:34 E4 (fps)2 or 252fps on a root-
mean-square basis. This is 2.94 E6 times larger than the correct
quantization noise effect and 126 times larger than the 2-fps mod-
erate accurate INS total velocity error.

As a � nal example under approximately zero angular velocity
conditions, let us hypothesize a quasi-stationary INS initial align-
ment situationwherea Kalman � lter is beingused to estimatesystem
initial heading using the horizontal components of R [Eqs. (7–9)]
as the measurement. (The initial alignment process is discussed
in detail in Ref. 4, pp. 6-1–6-9 and 14-36–14-80.) Reference 4,
pp. 14-10–14-16 and 14-72–14-73, shows that angular rate sensor
randomwalkonattitudeerrorproducesan estimatedheadingerror at
initial alignment completion given by

p
.q! rand=Talign/=.!e cos lat/,

where q! rand is the angular rate sensor random walk on attitude
white noise spectral density [the spectral density for each element
of ±! rand in Eq. (4)], Talign is the time in alignment, !e is Earth
rotation rate, and lat is latitude. The same reference also shows
that angular rate sensor quantization error produces an error in
estimated heading given by

p
.3q® quant=T 3

align/=.!e cos lat/, where
q® quant is the amplitude of the Q®Ãv quantizationwhite noise spec-
tral density function in Eq. (71). Consider the case when latD 45±

and Talign D 180 s. When the earlier hypothesized RLG value for
q! rand [(2E –3/2 deg2/h D 3:38E –13 rad2/s] is used, the earlier for-
mula yields 8:43E –4 rad contribution to heading error. (Note that
the allowance for initial headingerror in a moderateaccuracyINS is
typicallyon theorderof 1E –3 rad.)When theearliercomputed Q®Ãv
amplitude for q® quant .1:96E –15 rad2 s) is used, the heading error
formula gives 6:17E –7 rad heading error due to angular rate sensor
quantization.Thus, for the hypothesizedpulse size, update frequen-
cies, and alignment time, the initial headingerror caused by angular
rate sensor quantization error is negligible compared to that caused
by randomwalk onattitude(q! rand ). Note also that if quantizationer-
ror was incorrectlymodeled as q! rand white noise at 3.92E –9 rad2/s
(as discussed earlier), the q! rand into heading error formula would
predict the estimated heading error to be 9:08E –2 rad, signi� cantly
outside moderate accuracy INS accuracy speci� cations.

Similar methods can be used to analyze the effect of ac-
celerometer quantization error and associated mismodeling on
initial alignment accuracy. For heading error analysis, Ref. 4,

pp. 14-10–14-16 and 14-72–14-73, shows that heading error
caused by accelerometer quantization during initial alignment
is

p
[20qÀ quant=.g2T 5

align/]=.!e cos lat/ where g is gravity mag-
nitude and qÀ quant is the amplitude of the QÀvR quantiza-
tion white noise spectral density function in Eq. (72) [i.e.,
"2

À =.12 fn/]. The same reference also shows that accelerometer ran-
dom walk on velocity error produces an estimated heading error ofp

[3qa rand=.g2T 3
align/]=.!e cos lat/ where qa rand is the accelerometer

random walk on velocity white noise spectral density [the spectral
density for each element of ±arand in Eq. (5)].

Validity Limits for Quantization Error as Random Noise
A fundamental assumption in the characterization of quantiza-

tion error as random noise is statistical independence of the error
from computation cycle to cycle. Under most navigation � ight con-
ditions, this is a reasonable assumption; however, there are those
situations when the assumption is � awed. For example, consider
the case where the angular rate is constant and low enough that only
a singlepulse is emitted from the associatedangular rate sensorover
several attitude/velocityupdate cycles (e.g., during quasi-stationary
initial alignment when one of the angular rate sensor input axes is
close to east with no external disturbances). Under these conditions,
angular rate sensor quantizationerror producesan angular error be-
tween pulses that buildsup linearlywith time and is resetwhen each
pulse is emitted [i.e., a sawtooth pattern with the ramping portion
slope equal to the negative of the sensor input (as in Fig. 4)]. (A
similar effect would also occur for an accelerometer when its in-
put axis was near level.) The pattern repeats between pulses, and
hence, is not random from computer cycle to cycle. From the na-
ture of the repeating quantization sawtooth error pattern, resulting
velocity/position errors would also be cyclic and have no amplitude
buildupwith time as with random-typeerror effects. Therefore, rep-
resentationof quantizationerroras randomis invalid.Note,however,
that in terms of error buildup with time, approximating quantiza-
tion error as random noise for this case is a conservative estimate
of the actual effect (i.e., the actual effect is bounded). On the other
hand,a cyclicsawtooth-typequantizationerror (if it exists) must still
be analyzed independently to assess its particular effect on system
performance.

For the static initial alignmentscenariodiscussed,it is known that
when the frequency of pulses (and the sawtooth error pattern) gen-
erated by angular rate sensor or accelerometer pulse quantization
becomes low enough, the Kalman � lter estimated heading develops
noticeable transient error oscillations that can be large and lengthy
enough to prohibit satisfactory convergence in the allocated align-
ment time. The expected performance effect can be predicted using
Eqs. (33–35) for error propagation between Kalman updates, with
the quantization error terms in question treated as cyclic sawtooth
patterns. If the resulting heading error is unacceptable, it may be
possible to reduce the quantizationerror using appropriatecompen-
sation techniques such as discussed next.

Fig. 4 Attitude computed with quantized sensor data under constant
angular rate.
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Compensating for Sensor Pulse Quantization Error
Various methods have been used for reducing sensor pulse quan-

tization error in inertial navigation systems. Fundamentally, if it
is possible, the associated pulse size should be reduced. Alter-
natively, in some sensors, the integrated sensor input since the
last pulse output (i.e., the pulse count “residual”) can be mea-
sured electronically and used to correct the pulse count (Ref. 4,
pp. 8-29–8-31). For such an implementation, the effective pulse
size is reduced to the error in measuring the residual (e.g., 5% of
the uncompensated pulse). A variation on this approach is to ap-
proximate the residual as the uncompensated pulse size multiplied
by the ratio of a high-frequencyclock count since the last pulse di-
videdby the clockcountbetween the last and previouspulse (Ref. 4,
p. 8-29). The effective pulse size is thereby reduced by the recip-
rocal of the clock count between pulses. The latter technique is
implicitly based on constant sensor input between pulses and loses
its effectiveness when the time between pulses becomes long and
random variations in sensor inputs are present. Each of the preced-
ing approachesrequires additionalelectronicelements in the sensor
assembly.

A direct approach for overcoming the effect of low-frequency
pulse quantization error is to assure that the output pulse rate from
the sensors remains reasonably high, even under low sensor input
conditions. The result is that the random quantization error model
assumption remains valid under all conditions.This can be accom-
plished by providing an arti� cial electrical bias input to the sensor
(if the design permits) or a mechanical bias. For each method, the
bias can be constantor oscillatorywith randomnessadded if neces-
sary to ensure pulse count to count randomness. Means must then
be provided for subtractingthe bias from the sensor output before it
is used in the navigation computations. For an oscillating bias, the
error in removal can be included as part of the quantization error
model.3 An interestingapplicationof the mechanicalmethod is pro-
vided in the case of mechanicallyditheredRLGs wherebyeach gyro
block is angularly vibrated at high frequency relative to the sensor
assembly to avoid lock-in [Refs. 3 and 10, (p. 331)]. The resulting
gyro dither motion also imparts a backreaction torque into the sen-
sor assembly,which sets up a linear vibrationof the accelerometers.
The net result is that all sensors experience oscillatory inputs that
generate randomness in resulting pulse count samples.

Conclusions
Inertial sensor quantization error generally is a minor contrib-

utor to attitude/velocity/position and initial heading determination
inaccuracy in a strapdown INS. However, mismodeling of quanti-
zation error effects can result in erroneously large estimates of their
impact on INS performance. Unlike other sensor error sources, the
magnitude of the quantization effect on system accuracy depends
on the inertial system attitude/velocity/positioncomputationupdate
frequencies.In general,for properquantizationmodeling, thehigher
the frequency, the smaller is the effect of quantization error. Mis-
modeling can falsely lead to the opposite conclusion, that is, higher
update frequencies increasing quantization error contributions.For
two-speed updating algorithms, the high-speed computation rate
for coning, sculling, and scrolling is the determining frequency for
quantizationerrormodeling.Under low-frequencysensor inputcon-
ditions, the assumption of randomness in sensor pulse quantization
modeling deteriorates, and particular application-dependent mod-
els (e.g., cyclic sawtooth patterns) must be used for proper error
characterization.The resultingeffect on navigationaccuracy can be
analyzed using the differential error propagation equations derived
in the paper with appropriatedeterministicmodels for the quantiza-
tion error terms. Several compensation techniques are available for
potentially reducing pulse quantization error if necessary to meet
system accuracy requirements.

Appendix: Two-Speed vs Single-Speed
Attitude Algorithm Response to Sensor Error

This Appendix provides a rigorous proof that the response of a
two-speed attitude updating algorithm to angular rate sensor error
is the same as that for a single-speed updating algorithm operating
at the same update rate as the high-speed portion of the two-speed

algorithm. By extension, this Appendix also shows that, for a two-
speedupdatingalgorithm(usinglowandhighupdatingfrequencies),
sensor error effects that are update frequency dependent (such as
quantizationerror)will be a functionofonly thehigh-speedupdating
frequency.

For a two-speed attitude updating algorithm [Refs. 4 (pp. 7-5–

7-15), 5, 11, 12, and 14], let us de� ne the basic C I
B attitude update

to be performed at a j cycle rate with B j de� ned as the orientation
of the B frame at the j cycle time. Attitude is computed at the j rate
as

C I
B j

D C I
B j ¡ 1

C
B j ¡ 1

B j
(A1)

The C
B j ¡ 1

B j
matrix is calculated using a simpli� ed high-speed inte-

gration algorithm over the j ¡ 1 to j cycle times. For this analysis,
we will use the l index to represent the high-speedalgorithmupdat-
ing rate between j ¡ 1 and j .

From an analyticalstandpoint,the form of the high-speedintegra-
tion algorithm is arbitrary so long as it is analytically correct (i.e.,
the analytical approximation error is negligible compared to inac-
curacy generated from angular rate sensor input errors). Because of
its simpli� ed derivative form over small angle rotations, the attitude
parameter selected for the high-speed integration is usually a rota-
tion vector,which is then converted to C

B j ¡ 1

B j
at the j update time for

use in Eq. (A1). For expediencyin this analysis,we will assume that
the high-speedalgorithm integrationparameter is a directioncosine
matrix so that the integrated result at time j is C

B j ¡ 1

B j
directly.From

an error analysis standpoint, it should be clear that either approach
provides the same error effect in the C

B j ¡ 1

B j
matrix. Based on this

rationale then, we multiply Eq. (7) on the left by the constantC
B j ¡ 1

I
to � nd for the derivative form of the high-speed update operation:

PC B j ¡ 1

B D C
B j ¡ 1

B .!B £/ (A2)

When an initial value of identity is used, integrating Eq. (A2) from
the j ¡ 1 to j cycle times using a high-speed integration algorithm
provides C

B j ¡ 1

B j
for Eq. (A1).

We will now analyze the effect of angular rate sensor error on
the described two-speed attitude updating process compared with
the single-speed attitude updating concept described in the body
of thepaper.First,we addressthe rotationangleerrorÁB j ¡ 1 inC

B j ¡ 1

B
caused by angular rate sensor error. Following the same procedure
that led to Eq. (49), we begin as in Eqs. (13) and (14):

OC B j ¡ 1

B D [I ¡ .ÁB j ¡ 1 £/]C
B j ¡ 1

B ; ±C
B j ¡ 1

B D ¡.ÁB j ¡ 1 £/C
B j ¡ 1

B

(A3)

As in Eq. (36), a high-speed l cycle algorithm will be used to inte-
grate Eq. (A2):

C
B j ¡ 1

Bl
D C

B j ¡ 1

Bl ¡ 1
C Bl ¡ 1

Bl
(A4)

Then, as in Eq. (49), the C
B j ¡ 1

B error ÁB j ¡ 1 propagates in Eq. (A4)
from l ¡ 1 to l as

Á
B j ¡ 1

l D Á
B j ¡ 1

l ¡ 1 ¡ C
B j ¡ 1

Bl ¡ 1
±®l (A5)

The cumulative effect of Eq. (A5) at cycle j is

Á
B j ¡ 1

j D
X

all l from
j ¡ 1 to j

¡
Á

B j ¡ 1

l ¡ Á
B j ¡ 1

l ¡ 1

¢
D ¡

X

all l from
j ¡ 1 to j

C
B j ¡ 1

l ¡ 1 ±®l (A6)

Equation (A6) de� nes the errorÁ
B j ¡ 1

j in OC B j ¡ 1

B j
causedby angular

rate sensor error. Now let us look and see how it effects the error in
C I

B j
throughEq. (A1). The error in C I

B j
is thedifferentialofEq. (A1),

which with Eq. (A3) at cycle j is

±C I
B j

D ±C I
B j ¡ 1

C
B j ¡ 1

B j
C C I

B j ¡ 1
±C

B j ¡ 1

B j

D ±C I
B j ¡ 1

C
B j ¡ 1

B j
¡ C I

B j ¡ 1

¡
Á

B j ¡ 1

j £
¢
C

B j ¡ 1

B j
(A7)
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Using Eq. (14) in Eq. (A7) � nds the equivalent in terms of the Ã I
j

error in OC I
B j

:

¡
¡
Ã I

j £
¢
C I

B j
D ¡

¡
Ã I

j ¡ 1£
¢
C I

B j ¡ 1
C

B j ¡ 1

B j

¡ C I
B j ¡ 1

¡
Á

B j ¡ 1

j £
¢
C

B j ¡ 1

B j
D ¡

¡
Ã I

j ¡ 1£
¢
C I

B j

¡ C I
B j ¡ 1

¡
Á

B j ¡ 1

j £
¢
C

B j ¡ 1

B j
(A8)

Multiplying on the right by C
B j

I then obtains
¡
Ã I

j £
¢

D
¡
Ã I

j ¡ 1£
¢

C C I
B j ¡ 1

¡
Á

B j ¡ 1

j £
¢
C

B j ¡ 1

B j
C

B j

I

D
¡
Ã I

j ¡ 1£
¢

C C I
B j ¡ 1

¡
Á

B j ¡ 1

j £
¢
C

B j ¡ 1

I

D
¡
Ã I

j ¡ 1£
¢

C
£¡

C I
B j ¡ 1

Á
B j ¡ 1

j

¢
£

¤
(A9)

or

Ã I
j D Ã I

j ¡ 1 C C I
B j ¡ 1

Á
B j ¡ 1

j (A10)

When Eq. (A6) is substituted for Á
B j ¡ 1

j ,

Ã I
j D Ã I

j ¡ 1 ¡ C I
B j ¡ 1

X

all l from
j ¡ 1 to j

C
B j ¡ 1

Bl ¡ 1
±®l

D Ã I
j ¡ 1 ¡

X

all l from
j ¡ 1 to j

C I
Bl ¡ 1

±®l (A11)

The cumulative effect when j equals some cycle time k is

Ã I
k D

X

all j to
cycle k

¡
Ã I

j ¡ Ã I
j ¡ 1

¢
D ¡

X

all j to
cycle k

X

all l from
j ¡ 1 to j

C
B j ¡ 1

Bl ¡ 1
±®l

D ¡
X

all l to
cycle k

C I
Bl ¡ 1

±®l (A12)

Now considerwhat the Ã I
k error in OC I

B would be for a single-speed
integration algorithm operating at the high-speed l cycle rate. The
answer has alreadybeen derived as Eq. (49) for which we can write
for the cumulative effect at cycle k:

Ã I
k D

X

all l to
cycle k

¡
Ã I

l ¡ Ã I
l ¡ 1

¢
D ¡

X

all l to
cycle k

C I
Bl ¡ 1

±®l (A13)

Equations (A12) and (A13) are identical. Thus, we see that for the
two-speed attitude algorithm, inaccuracy caused by sensor error is

identical to that of a single-speed algorithm operating at the two-
speed algorithm high-speedcomputation rate (i.e., the l cycle rate).
This � nding can be extrapolated to analytical results in the main
body of the paper derived from Eq. (49), for example, Eq. (66) with
Eq. (71), which have frequency fl dependent quantization error
terms. Hence, for the two-speed attitude algorithm, Eqs. (66) with
Eq. (71) also apply with fl corresponding to the high-speed l cycle
update frequency, not the lower speed j cycle update frequency.
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